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1. Introduction

In 1974 Graham Higman [9] constructed an infinite series of groups Gy, » (for n > 2
and r € IN) such that all the groups G, were finitely presented infinite groups
and each G, was either simple (for n even) or contained a normal subgroup
which was simple (for n odd).

The construction Higman used was based on a report of F. Galvin and R.
Thompson [unpublished] on the work of B. Jénsson and A. Tarski [10]. There,
Thompson observed that the automorphism group of the Jénsson-Tarski algebra
of type (2,1,1) was isomorphic to V, that is G, 1 in Higman’s notation.

Bleak et al. [3] have described the structure of the centralizers for elements
of Gy using the dynamical information gained from the groups action on the
Cantor set and the definitions and lemmas of Brin [5] on revealing tree pairs. In
the present article, we only use the techniques originally described by Graham
Higman in [9] to present an alternative approach to describe the structure of the
centralizers for elements of G, 1 in a hope to renew interest in this point of view
of Thompson’s groups. For a review of the concepts of finite presentability and
simplicity of G, 1, the survey article of Cannon, Floyd and Parry [6] is still the
preferred text.

We will now describe some useful background material for the work in [9],
which can be found in [12, Chapter 1, §1.3] . This material is standard in the field
of Universal Algebra (a good general reference for this material is [7]).
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Given a set S, we say a mapping such that f: S* — S is an n-ary algebraic
operation on S.

Definition 1. We define an algebraic system A = (S, f; : i € I) to consist of a set
S together with a set of mappings {f; : i € 1} such that each f; is an n;-ary algebraic
operation on S for some n; € IN. We call (n; : i € I) the signature of A.

Homomorphisms of algebraic systems are mappings that preserve all oper-
ations. Thus, as a bijective homomorphism is an isomorphism then we see that
an isomorphism of an algebraic system onto itself is an automorphism of the
algebraic system.

Definition 2. Let A = (S, f; : i € I) be an algebraic system. We say that the set X C A
generates A if every element of S can be constructed from the set X by application of the
algebraic operations f; for i € I.

We say that a set X C A is a set of free generators for the algebraic system A
if X generates A (written A = (X)) and if for X = {xj|j € J} any elements y;,
j € ], in any algebraic system B of the same signature the mapping defined by
xj + y; extends to a homomorphism of A to B. This homomorphism is unique
since A = (X). We then say that A is free on the free set of generators X.

A free system A can be constructed as the set of all formal expressions in the
x;’s under arbitrarily repeated applications of the n;-ary operations f;.

Definition 3. A variety V is the class of all algebraic systems of a fixed signature defined
by a given set of laws that are expressions in the operations of the algebraic systems.

Example 4. The class of all groups is the variety defined by the group laws.

2. V1 as an Algebra of Standard forms

We shall define G, as the group of all automorphisms of an algebraic system
V1, which is a free object in the variety V), with signature (2,1,1) as defined by
Graham Higman in [9].

An element of V, consists of a set S, equipped with a pair of unary operations
x1:S — Sand ay : S — S, and a binary operation A : S x S — S where the
following rules are satisfied

((a)ar, (a)a2)A = a and ((a1, a2)A)e; = a; ¢))

fori =1,2 and for any a1,a3,a € S.
In order to be able to work with the algebraic structure V; ;, we define the set
S in the following way.

Remark 5. We remind the reader that we write (A) to denote the free monoid
generated by &y, a.

Definition 6. The set S of strings in standard form is defined as the smallest set of
strings over the alphabet {x, a1, 0, A} satisfying:
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e xS,
e xI'eSforT € (A),
o ifwy, wy € Sand thereis nou € S with w; = uw; fori = 1,2 then wiwyA € S.

We define unary operations a1, ay and a binary operation A on the set S of standard forms
by:
o forT € (A), (xI')a; = xTa;,
o for wy,wy € S, if there exists u € S such that w; = ua; for i = 1,2 then
(uaq, uap)A = u otherwise (wy, wo)A = wywoA,
o ((wy, w2)A)a; = w;.

Graham Higman in [9, Lemma 2.1] proved that the algebraic structure (S,
«1,a,A) we have now defined on S is a free object in V;, called V,; and is freely
genearted by the singleton set {x}, which we will now denote x. We shall use this
representation of V5 ;.

[9, Chapter 2] contains more information on the algebraic system V, 1, in fact it
contains information on the more general algebraic systems V;, , (which is freely
generated by the set X of size r). For the purposes of this article, we only state the
results and some of the proofs from [9] that will be essential in understanding the
algebraic system V; 1.

We start, as Higman did, by creating a subalgebra of V,; whose elements
contain no As.

Definition 7. We define the number of A involved in an element of V5 1 to be the number
of A that are in the standard form for that element.

Definition 8. For a subset X of an algebra V1 and A = {aq, ap} we shall write X (A)
for the A-subalgebra of V, 1 generated by elements of X under the application of w; for

i =1,2,and X(A) for the A-subalgebra generated by elements of X under the application
of A.

Lemma 9. [9, Lemma 2.2] If a set X generates the algebra V1 in V, then Vo1 =
X(A)(A). Also, for each y € V, 1, the set y(A) \ X(A) is finite.

Proof. [9, Lemma 2.2] First, it is sufficient to consider V, free on X. Then V, is
isomorphic to the algebra of standard forms on X by [9, Lemma 2.1]. So the first
part holds by the definition of standard forms, Definition 6. For the last part, it is
noted that if y € V, 1 and the number of A involved in y (in standard form) is m,
then we have ya;,...a;, € X(A) whenever r > m. That is, if the words ya;, ...«; are
sufficiently long the element is pushed into the subalgebra X(A). Hence, the only
elements of the set difference y(A) \ X(A) are those of the form ya;, ...x; with
r < m, and there are clearly only finitely many in number. O

Lemma 10. [9, Lemma 2.3 (i),(i1)] Suppose that X is a free generating set for V1 and
that y, 11,y are distinct elements of X. Then
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1) (X\ {y}) U {yar, yar}
is also a free generating set. We call this new generating set a single expansion of
X; a finite composition of d single expansions is called a d-fold expansion of X.
(2) X\ {y1,y2H) U{(y1,y2)A}
is also a free generating set. This is called a single contraction of X; a finite com-
position of single contractions is called a contraction.

Definition 11. Let Y be a basis of V5 1. We define a proper expansion Y of Y to be a basis
of Va1 which can be reached by d-fold expansion of Y.

Higman proved that any expansion of X freely generates V; ; and that any sin-
gle contraction of X freely generates V, 1. We therefore see that x freely generates
the free algebra V.

Definition 12. We call a subset Y of x(A) a (finite free) basis of x(A) if it is a proper
expansion of x i.e. a d-fold expansion of x for some d. The size of the basis Y, denoted Y/,
is d.

In fact, we can say that any finite free basis for x(A) is also a free basis for the
free algebra V3 ;.

Remark 13. We will use X, Y and Z to denote finite free bases for x(A).

Corollary 14. [9, Corollary 1] Any two finite free bases X, Y of the same algebra have a
common expansion Z.

From Corollary 14 we deduce that if we have a finite collection of finite free
bases for the same algebra, Y7, ..., Y, € V1, then there is a single common expan-
sion of all of them that is also a free basis.

3. Higman-Thompson group G

Let G,,1 be the automorphism group of the free algebra V; ;, which is freely gener-
ated by x. Let Y, Z be finite free bases of x(A) of size d. Then any map ¢ : Y — Z
induces an automorphism of V5 1.

We now look to construct a pair of bases for which we can, sensibly, describe
an element of Gy .

Lemma 15. [9, Lemma 4.1] If {41, ..., Yy } is a finite subset of G, 1 then there is a unique
minimal basis Y of x(A) such that Yi; C x(A), fori = 1,..., k. Any other basis of x(A)
with this property is an expansion of Y.

Proof. [9, Lemma 4.1] The proof uses [9, Lemma 2.4]. There is an expansion Y of
x such that
k

x(A) N (e 1) (A) = Y(A).

i=1
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We have Yy; C Y(A)y; for i = 1,..., k which is a subset of (x; ') (A)y; = x(A).
Therefore Yi; C x(A), fori=1,..., k.

If Z is a basis (that is a d-fold expansion of x(A)) with Zy; C x(A) for i =
1,..,k then Z C Y(A), and thus Z is an expansion of Y. O

This lemma removes the need to talk about A for now. We have constructed
a basis Y that gives the image of elements of Y under the action of the automor-
phisms ¢; for i = 1, .., k in the A-subalgebra we want to look at, x(A). We can now
start to look at the orbits of elements of Y (and thus elements of Y(A)) under the
action of powers of elements of Gy ;.

It is worth explicitly writing the following corollary, which follows from the
above lemma.

Corollary 16. Let Y, Z be finite free bases of x(A) of size d. Then,  is an automorphism
of the free algebra V, 1 if and only if ¢ is a bijective map between Y and Z.

3.1. Higman’s semi-normal form

This section is based on [9, Section 9 |, where Higman picks an element ¢ of
Gy and constructs a finite basis, Y, making the study of i easy (as we can just
examine the elements in Y, which is a finite set).

Remark 17. This method is similar to the method of Matt Brin [5] and Bleak et
al [3], where revealing tree pairs divulge the dynamical information for a given
element of Gy acting on the Cantor set.

The method is based on consideration of intersections of the orbits of ¥ (an
automorphism of V; 1) with the subalgebra x(A). For any basis Y, such that Yy C
x(A) (which exists by Lemma 15), we have elements of Y in one of five different
types of orbit under the action of powers of ¢ on V; ;. We distinguish between the
different types of orbit depending on the intersection of the orbit of ¥ € Y under
the action of powers of ¢ with the subalgebra Y(A). For y € Y, the five different
types are:

(1) Complete infinite orbits. For any y in such an orbit, yip’ belongs to Y(A) for all
i € Z, and the elements yy' are all different.

(2) Complete finite orbits. For any y in such a orbit, yy" = y for some positive
integer 1, and y, yi, ..., yyp" ! all belong to Y (A).

(3) Right semi-infinite orbits. For some y in the orbit, yi' belongs to Y(A) for all i >
0, but yl[fl does not. The elements ]/l[]i, i > 0, are then, of course, necessarily
all different.

(4) Left semi-infinite orbits. For some y in the orbit, yip~' belongs to Y (A) for all i >
0, but y¢ does not. The elements yl[J’i, i > 0, are then, of course, necessarily
all different.
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(5) Incomplete orbits. For some y and some non-negative integer n we have
Y, Yy, ..., yy" belonging to Y(A) but yp~! and yy"*! do not.

Remark 18. The elements y~! and yy"*! for y in a type (5) orbit under the
action of ¢ must be contained in the finite set x(A) \ Y(A). Otherwise, some
image of y would be an element of V,; involving A’s and therefore y would be
sitting in an orbit of type (3) or (4).

We can now look at what this means for a basis Y and an element ¢ € Gy in
terms of the different types of orbits.

Lemma 19. [9, Lemma 9.1] There are only finitely many orbits of types (3), (4) and (5)
intersecting Y (A) and there are as many of type (3) as of type (4) under the action of .

Definition 20. [9, Section 9] An element § of G, 1 is in semi-normal form with respect
to the basis Y if Y intersects no incomplete orbits for 1 i.e. no elements of Y are in orbits

of type (5).

We can now define a basis for which ¢ € Gy is in semi-normal form.

Lemma 21. [9, Lemma 9.2] For an element 1 of G, 1 there exists a basis with respect to
which  is in semi-normal form.

This then leads to an examination of the orbits of elements yI' where y € Y
and T € (A) under the action of powers §, where ¢ is given in semi-normal form
with respect to Y.

Lemma 22. [9, Lemma 9.3]

Let i € Gy, be in semi-normal form with respect to the basis Y. Suppose that y € Y,
then one of the following holds,
(A) if some yI is in a complete finite orbit then y itself belongs to a complete finite orbit
which consists of elements of Y. In this case we say y is of type (A).
(B) there exists a non-trivial T € (A) and n # 0 such that yyp" = yI. If n > 0 then
the orbit containing y is right semi-infinite, if n < O then the orbit containing y is left
semi-infinite. In this case we say y is of type (B).
(C) ify €Y, is not of type (A) nor (B) above, then there exists some z € Y and non-
trivial A € (A) such that yip' = zA, where z is of type (B). Then the orbit containing y
is infinite. In this case we say y is of type (C).

Thus, this lemma tells us that for ¢ given in semi-normal form with respect to
the basis Y:

e y € Yisin a finite orbit of ¢ if and only if for all T € (A), the element yT is in
a finite orbit of ¢ in Y(A) if and only if y is of type (A);

e y € Y is in a semi-infinite orbit if and only if there exists some n € Z such that
yy" = yI' for T € (A) (with the sign of n determining the type of semi-infinite
orbit y is in) if and only if y is of type (B).
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We will often refer to elements of type (A), (B) and (C). We now introduce a
modified definition from [9, Section 9].

Definition 23. Let u € V51, T € (A) and m € Z. We call u a characteristic element
for Y™ and T a characteristic multiplier if uyp™ = ul'.The element and the multiplier
are proper if I' is non-trivial.

We end this subsection with a result that allows us to determine if an element
of Gy is of infinite order.

Theorem 24. [9, Theorem 9.4] An element 1 of G, 1 (given in semi-normal form with re-
spect to Y) is of infinite order if and only if for some m # 0, Y™ has a proper characteristic
element i.e. yp™ = yI for y € Y and non-trivial T € (A).

Proof. [9, Theorem 9.4] Let ¥ be in semi-normal form with respect to the basis
Y. If u is a characteristic element for ™ with multiplier I' then uyp™ = ul’ for
j € N. When T is a proper multiplier, the elements uI” are all different as soon as
j is large enough to belong to Y (A), so that ¢ has infinite order.

Conversely, if no ¢ has a proper characteristic element then Y has no ele-
ments of type (B) nor type (C). Thus all elements of Y are of type (A) as ¢ is in
semi-normal form with respect to the basis Y. Whence ¢ is a permutation of Y
and thus has finite order. |

3.2. Quasi-normal forms

A stronger definition than semi-normal form was introduced in [9, Section 9].

Definition 25. [9, Section 9] An element 1 of G 1 is in quasi-normal form with respect
to the basis Y if it is in semi-normal form with respect to Y, but not with respect to any
proper contraction of Y.

We can now look at the orbits of elements u,v € Y(A) under the action of
powers of 1.

Lemma 26. [9, Lemma 9.6] If ¢ is in quasi-normal form with respect to Y, and if v =
up™, m > 0and u,v € Y(A) then uyp' belongs to Y(A) fori =1,...,m — 1.

Lemma 27. [9, Lemma 9.7] Given an element 1 € Gy, (i) we can construct a unique
basis with respect to which ¢ is in quasi-normal form and (ii) for u,v € V1 we can
tell whether u, v are in the same orbit of P, and if so, what are the integers m for which
uyp™ = v.

Thus, for all ¢ € Gp; we can do the following:

(1) put ¢ in quasi-normal form with respect to a basis Y,

(2) for any u,v € V,; we can determine if u,v are in the same orbit of ¢ and
determine which integers m give v = uyp™ if they are in the same orbit,

(3) if m > 0 we have uyp’ € Y(A) foralli=1,..m — 1.
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4. Higman’s ¢-admissible subalgebras Vp and Vg

Given ¢ € Gy,1, we define Vp to be the set of v € V51 such that v is in a finite
orbit under the action of ¢ and Vg4 to be the set of v € V;1 such that v is in an
infinite or semi-infinite orbit under the action of ¢ . Where there is no ambiguity,
we will write Vp for Vp y and Vg for Vgj 4. From [9, Theorem 9.5] (which we state
below) we see that Vp and Vgjy are subalgebras invariant under the action of
the automorphism i and V, is a free product of the subalgebras Vp y and Vg -
That is, V1 can be seen as the coproduct of the sub-algebras Vg; and Vp in the
category of free algebras We will refer to Vp as the periodic subalgebra and Vg
as the regular infinite subalgebra.

Theorem 28. [9, Theorem 9.5] The finitely generated free algebra V; 1 is a free product
of the -admissible subalgebras Vp and Vry. If Yp = ¢|y, and Yr; = |y, then for two
automorphisms P and @,  is conjugated to ¢ by g§ € Gy 1 if and only if p is conjugated
to ¢p by a map ¢P) and g; is conjugate to gr; by a map gR), where g is given by the
composition of maps gF), g(RD,

The second statement in Theorem 28 is used to analyze not only when two
elements are conjugate in Gy (the automorphism group of V, 1) but also in the
study of centralizers for elements of Gy ;. Theorem 28 allows us to consider the
torsion and regular infinite part of an element of G, ; separately. Hence, we con-
sider the elements that centralize the torsion part and the regular infinite part of
an element separately.

Definition 29. Let ¢ be in semi-normal form with respect to a finite basis Y. Then 1 is
a regular infinite element of Gy 1 with respect to Y if there exists no y € Y in a finite
orbit.

Definition 30. Let @ be an element of Gy in semi-normal form with respect to the
basis Y. Then 1 is a periodic element of Gy 1 with respect to Y if forally € Y, yisina
complete finite orbit.

5. Conjugacy problems

The conjugacy problem is a classic decision problem, first outlined by Dehn over
100 years ago. It asks,

Problem 31. Does there exists a algorithm to decide whether, upon input of the
elements ¢, ¢ € G there exists an element ¢ € G such that g~ g = ¢?

We can then look at this problem in two ways. Does there exists an algorithm
which gives the answer "yes" if ¢ is conjugate to ¢ and "no" if not? If the answer
is "yes", can you find a conjugator g? A solution to either the first question or both
questions gives a rich source of information about the group in question.
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Further, if the answer is "yes", then there are several other conjugacy based
decision problems one can ask about a group G. For example the simultaneous
and power-conjugacy problems.

5.1. The conjugacy problem

The conjugacy problem in Richard Thompson’s groups F, T and V is solvable
diagrammatically. This method was described by Francesco Matucci [15] using a
variation on the methods first used to solve the conjugacy problem for F by Guba
and Sapir for diagram groups [8].

The diagrammatic solution to the conjugacy problem is a beautiful unified
solution for F, T and V. An effective solution for the simultaneous conjugacy
problem for F has been shown by Matucci in [15] and there also exists an effective
solution for simultaneous conjugacy problem for T in [15], but it has not been
explicitly written.

The conjugacy problem for Thompson’s group V was originally solved by
Higman in [9, Theorem 9.3], that is using combinatorial methods to provide a so-
lution for the groups Gy, for n > 2, r > 1. Salazar-Diaz [19] then used techniques
introduced by Brin [5] to provide another solution using revealing pairs tree pairs.

We shall now present a deconstructed solution to the conjugacy problem for
the group Gy ;1. The work is based on the proof of [9, Theorem 9.3].

Let ¢ and ¢ be automorphisms of V1 in quasi-normal form with respect to
the bases X and Y respectively. We will want to refer to the algebra V, ; freely gen-
erated by the basis X and freely generated by the basis Y, therefore we will refer
to X(A)(A) and Y(A)(A) as such algebras (instead of writing V, 1). By Theorem
28, 1 is conjugate to ¢ if and only if ¥p is conjugate to @p and Pg; is conjugate to
PRI-

We can thus deconstruct the proof of the conjugacy problem into two parts.
We start with those elements that have Vr;y = Vi = ©@.

Definition 32. Let i be a torsion element of Gy 1 in semi-normal form with respect to
the basis Y. We define the cycle type of i to be the sequence of lengths of finite orbits on
Y under the action of 1.

Definition 33. Let Y be a basis for V,1. We define e;(Y) to be the uniform d-fold
expansion of Y.

Proposition 34. Let 1 and ¢ be torsion elements of Gpq in semi-normal form with
respect to the bases X and Y. Then,  is conjugate to ¢ if and only if  and ¢ have the
same cycle type.

Proof. If i and ¢ have the same cycle type for the i-orbits and ¢-orbits then we
can construct a map that extends to an element of G,; conjugating ¥ to ¢, see
Lemma 82 for more details. That is, the number of orbits of length i is either zero
or non-zero for both ¢ and ¢.
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If i is conjugate to ¢, we can construct a map from either X — e;(Y) (if
Y| < |X]) ores(X) — Y (if |X| < |Y]). Then, as our map needs to preserve the
orbits on X and on Y, if there is an orbit of size n on X under the action of ¢ there
needs to be at least one orbit of size n on the basis Y under the action of ¢. Thus,
1 and @ must have the same cycle type. O

We now look at regular infinite elements of the group G, 1 i.e. Vpy = Vpy = @.

Definition 35. Let ¢ be a reqular infinite element of G in semi-normal form with
respect to X. For all elements x € X of type (B), we find the corresponding my € Z and
I'y € (A) (characteristic multiplier) such that xyp™> = xT.

The set

My = {(my,Tyx)|x € X, is an element of type (B))}
of pairs is called the set of characteristic multipliers and powers for .

Definition 36. Let ¢ be a reqular infinite element in quasi-normal form with respect to
X. The equivalence relation on the elements of X, =, is defined to be the least equivalence
relation such that x = x' whenever some xI' and x'A are in the same orbit of , for
I,A € (A).

Lemma 37. Suppose that 1 and ¢ are conjugate regular infinite elements of Gy 1. Then
the set of characteristic multipliers and powers My, M, for ¢ and ¢ coincide.

Proof. Let X, Y be bases such that ¢, ¢ are in semi-normal form with respect to
them. For the basis X we can look at the equivalence relation, as in Definition 36,
on the elements for this basis.

For each equivalence class &; we pick an element x in X} of type (B) (see
Lemma 22). Then, x is a proper characteristic element by Definition 23 of a proper
power m, of P with some multiplier I'y i.e. x¢p"™* = xT'y. If an isomorphism p exists
(i.e. P is conjugated to ¢ by p) then xp will be a characteristic element of ¢™* with
multiplier I'y. Thus, xp must, by Lemma 22, belong to a semi-infinite orbit of ¢. (
If no orbit of appropriate characteristic exists, p did not exist.)

Therefore, we can look at each semi-infinite orbit and see whether or not its
elements are characteristic elements with the “right” multiplier (if one is, they all
by the definition of semi-infinite orbit).

Hence, the set of characteristic multipliers for 1 and ¢ coincide. O

We now have two lemmas which will be useful for the remainder of the sub-
section.

Lemma 38. Suppose  is a reqular infinite element of Gy 1 in semi-normal form with
respect to X and Xy = Z.

If X =114 &jand Z = 11", Z;, where the X; and Z; are the equivalence classes
defined on X and Z (see Definition 36) under the action of  respectively, then n = m
and  maps the equivalence classes on X to the equivalence classes on Z bijectively.
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Proof. By definition of the equivalence relation, for x;, x; € X, x; = x; if and only
if x,Tyk = xiA for T, A € (A). Thus, for x;1p = z; and x;i = z; we have

xiftpk1p = x,-lpﬁpk = Z,‘Fipk and XA = xjpA = z;A.

Hence, z; = z; and it follows that the number of equivalence classes for X under
¢ must equal the number of equivalence classes for Z under ¢, as ¢ is a bijection
between X and Z.

Furthermore, by the above algebra, i must induce a bijection between the
equivalence classes defined on X and Z under the action of . m|

Lemma 39. Let ¢ be as in Lemma 38. Suppose that 01, ...,0, are maps such that each
0; is defined to be the map that maps the equivalence class X; to the equivalence class Z;
(induced by ) and, for all other x € X \ Xj, x — x, foreachi =1, ..., n.

Then, each 0; can be extended to an element of Gy 1 such that 0; commutes with ¢ and
for all j # i, 0; commutes with 6;.

Proof. By Lemma 38, ¢ maps X; to Z; for each equivalence class &} and Z; on X
and Z respectively.

The action of () on X(A) splits X(A) into a disjoint union of subsets X;(A)
of X(A)ie X =1"1X;.

For each equivalence class &; of X, it is clear (by the definition of the equiv-
alence relation =) that for all x; € &}, x; € X;. Thus, we can define each map 0;
by

0 — {xt/] ifx € X;,
! x ifx € Xjfori#j.
Thus, X;¢ = Z; (for some similar splitting of Z(A) under the action of (1)) where
the elements of Z; come from the equivalence class Z; for each i. Hence, each 6;
is a bijective map from X to (X \ X;) U Z;.

If (X \ X;) U Z; is not a basis for each map 6;, then for some x; € X; and xj & X;

for j #1i, xjpk = z; = x;I. However, this would imply that x; = x; and x; € X;, a

contraction.
Therefore, each 6; is an element of Gy and it is clear (by definition of each
Bi,S) that Qllp = lpgl and for a11] 7& i, 616] = 6]61 O

Remark 40. We note that, if 1 and ¢ are conjugate by a conjugator p and 6 com-
mutes with ¥, then 8p is also a conjugator.

For the next two lemmas we assume that ¢, ¢ are regular infinite element of
G 1, in semi-normal form with respect to X and Y respectively.

Lemma 41. If i, ¢ are conjugate, then there exists a conjugator p such that for each
equivalence class X; defined on X under the action of i (see Definition 36), there exists
an element x; of type (B) in X; such that x;p is an element y; of type (B) in Y for ¢.
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Proof. Since ¢ and ¢ are conjugate, by Lemma 37 the set of characteristic multi-
pliers for ¢ and ¢ coincide. Let x; be chosen element of type (B) in &;. Let p be
any conjugator, then for some initial or terminal element y; in Y (with the same
characteristic multiplier as x;) of a semi-infinite orbit and some j; € Z we have

Xip = yigh.
Thus, as p is a conjugator, we can rewrite this as,
xipe = xiplip = y;.

For each equivalence class &j, we define each 6; as in Lemma 39 and p by
n .
o' =16 ")e.
i=1

which is an element of G, ; which conjugates ¢ to ¢ by definition (since [T, 6, Ji
commutes with ).
We check, for each chosen x; € &,

n ) . .
xip' = xi([ 16,70 = xi6"p = xipTip = y;. 5
i=1

Lemma 42. Suppose ), ¢ are conjugate and assume that p is as in Lemma 41.

Then there exists a finite set Y|, of elements y' of Y such that for all other type (B)
elements x' in each equivalence class X, x'p = y'¢' for | € Z. Furthermore, one can
determine | uniquely and hence there are only a finite number of possibilities for the image
of each x' under p.

Proof. We will look at each equivalence class &; separately. Thus, without loss of
generality, choose x to be an element of type (B) in & such that xo =y, y € Y and
element of type (B).

Suppose that xT and x’A are in the same orbit (i.e. x, x' € X), then x'A = xTpF
and so x’ is also of type (B).

Since, by Proposition 37, the set of characteristic multipliers for ¢ and ¢ coin-
cide and the number of elements of type (B) in X and Y under the action of ¢ and
¢ respectively is finite, if py extends to a conjugator p then there is a finite set )}
of elements y’ for each of which x’p = y'¢' for some I.

Given that p is an isomorphism and knowing xp is an element y € )} and
y' € Y| such that x'p = y'¢' then we can determine ! uniquely. If x'p = y/¢!,
X'A = (xT)y* and Pp = pp we have,

(y'8)¢' = ('A)p = (xT)gp = (xp)T¢"
Thus, y'A and (xp)T are in the same orbit of ¢, as ¢ is regular infinite element

and Y (A) decomposes into a disjoint union of infinite orbits under ¢.
Thus, if y’A and (xp)T are in the same orbit there will be a unique ! such that

y'Ag' = (xp)TgF,
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by Lemma 27 (ii). Thus we can find a unique ! so that x’p = y’¢'. Hence (as p is
an isomorphism and xp is a specified element of )) y,i is thus a finite set and
thus there are only a finite number of possibilities for x’p.

We can test whether, in fact, there are any possibilities for x’p by using Lemma
27 (ii) to see for each y’ € V] if y’A and (xp)I are in the same orbit of ¢.

Given that p is an isomorphism and xp is in YV (a finite set), then there are
only finitely many x” of type (B) in X satisfying the above conditions. Thus the
number of possibilities for x’ under p is finite. O

We finish this section constructing a finite set of maps, R(¢; ¢), whose el-
ements can be checked if they extend to an element of the group Gp; which
conjugates ¥ to ¢.

Proposition 43. Let i and ¢ be regular infinite elements of Gy in semi-normal form
with respect to X and Y.

If the set of characteristic multipliers for  and ¢ coincide, then there exists a finite
set R(; @) of maps from X into Y (A)(A) such that if i is conjugate to ¢ then there is a
conjugator p (which we can consider as an isomorphism from X(A)(A) to Y(A)(A)) for
which the restriction p|x = po is one of the maps in the finite set R(y; ¢).

Proof. We shall show how to construct the finite set R(¢; ¢) of maps pg of X into
Y (A)(A) such that if ¢ is conjugated to ¢ then, for some pg in R(¢; ¢), there is an
isomorphism

p: X(A)(A) — Y(A)(A)
such that

plx = poand ¢ = p~'ypp.

We can clearly test for a given py if it uniquely extends to an isomorphism between
the algebras X(A)(\A), Y(A)(A) such that ¢ = p~lyp.

Since we have assumed that the set of characteristic multipliers for i and ¢
coincide, by Lemma 41 there exists a conjugator p such that for each equivalence
class X defined on X under the action of ¥ (see Definition 36), there exists an
element x € X such that xp is an element y of type (B) in Y for ¢.

We define pg to be the map which maps the selected x € X" to the selected
y € Y. There are only finitely many initial choices of x € & and the image xp in
Y as the number of elements of type (B) in X and Y is finite.

Next, we wish to show that if x’ is another element of type (B) in A; then there
are only finitely many possibilities for x’py.

This is accomplished by Lemma 42. Which states that there exists a finite set
Y/ of elements i’ of Y such that for all other type (B) elements x} € &;, x'p = /¢!
for some uniquely determined I € Z. Hence, there is only a finite number of
possibilities of each x/ under p.
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Hence, we define pg to be the map which maps the selected x’ € X to the
selected x’p. There are only finitely many choices of type (B) elements x” in X
and only finitely many choices for the image x’p in Y(A)(A) as the number of
elements of type (B) in X and Y is finite. Thus, there are only finitely many maps
po which can be defined with the above properties.

Note that in using the transitivity of = to show that x = x” where both x and
x" are of type (B), we need not go through an element of type (C). For if z is of
type (C), then by Lemma 22 there is a z;I';; in the orbit of z for some z; of type
(B), and any orbit containing some zA, contains also z1I';,A,. Finally, if z = x
and z is of type (C) then z = z;T, ¥ for some z; of type (B), Iz, and k, with zp
determined once (z1p)Tz, ¢ is chosen.

Since X is finite, there are a finite number of equivalence classes. Repeating the
above argument for each j, we see that we have constructed a finite set R(¢; ¢) of
maps, pp between X and Y (A)(A). O

We thus have the following consequence of the above propositions.

Corollary 44. [9, part of Theorem 9.3] The conjugacy problem is soluble in Gy 1.

5.2. The simultaneous conjugacy problem for regular infinite elements

We can now extend part of the solution of the conjugacy problem to the simulta-
neous conjugacy problem for the group G ;.

A group G has soluble simultaneous conjugacy problem if there exists an
algorithm such that given any two k-tuples of elements in G,

y = (yll ...,yk) and z = (Zl,...,Zk),
we can determine whether there exists ¢ € G such that,
g lyig=z fori=1,..k

We write ¢~lyg = z and say that the k-tuple y is simultaneously conjugate to the
k-tuple z.

Definition 45. A k-tuple of regular infinite elements in Gy, Y = (P1,..., Px), is said
to be in tuple-quasi-normal form with respect to the basis X if each element ; is in semi-
normal form with respect to X but some elements ; would not be in semi-normal form
with respect to any proper contraction of X.

The solution of the simultaneous conjugacy problem for regular infinite el-
ements is similar to the single conjugacy problem for regular infinite elements.
However, we first need to construct a "special" basis for the second k-tuple
¢ = (@1, Pk)-

The following lemmas (46 to 53) outline the construction of the "special” basis,
which is then defined in Proposition 55.
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The first lemmas (and corollaries) are about solving special types of equations
in the free algebra V; ;.

Lemma 46. Let ¢y and @, be regular infinite elements of G, 1 in semi-normal form with
respect to the basis Y. Let y1,y2 be elements of Y which are either initial or terminal
elements in semi-infinite orbits with respect to ¢ and @y respectively and Ay, Ay € (A).

If the orbits y1M1(@1) and yo2A (@y) intersect, then we can determine precisely where
they intersect in x(A).

Proof. Given that y; and y; are either initial or terminal elements in semi-infinite
orbits with respect to ¢ and ¢, they are type (B) elements in Y for ¢; and ¢,
respectively. Therefore, we have 14 gognl = 1111 and yo¢52 = oI for Ty, T € (A).
If y1A9]" = y2A¢52 we would like to be able to determine possibilities for 4 and
a.

We first look at the orbit of y; and y, under ¢; and ¢, respectively. We may
assume (without loss of generality) that we are looking at two right semi-infinite
orbits,

e Y107 L YL Y101 195, o 10y = il il 91, yiT1 93, .. (18)

and

Y203 Y2, Y202 Y295, s Y20yt = Y2l Y2l2g2, YaT293, . (19)
We can rename part of Sequence (18),

e Y1,-1, Y1 = Y1,0, V1,1, Y12/ - Y1,m -1, Y1001, y1101, ya,2100, - (20)
and Sequence (19),

e Y21, Y2 = Y2,0,Y2,1, Y22/ -+ Y2,my—1,Y2,00 2, Y2112, Y2212, .. (21)

Since y; and y; are initial elements in a semi-infinite orbit in Y(A) under the
action of @1 and @, respectively, we see that y19,..., Y1,m;—1,¥2,0, - Y2,my,—1 € Y.
Therefore, if y19]' = y2¢5* (A1, Ay are trivial) then, firstly, I'1! = I, for ny,np €
N, ged(nq,n2) = 1 and, secondly,

y197 =y 07" and yo95? =y 172,

Since the equation F;Zl = I';? can be solved for ny, 1, € N, ged(ny,12) = 1 we
can determine the precise location in x(A) where the orbits of y; and y; intersects.

If the orbits intersect once, they intersect infinitely many times (as Ff"l = 1"5”2
for K € IN).
If 1101970 = y2Br93? (for non-trivial Aq,A;) then, since ¢y, ¢, are auto-

morphisms, y1¢1'A1 = y29532A,. This implies, firstly, that I'['A; = T52A, for
n1,np € IN and, secondly,

y197' = y1, 07" and y295% = yp,; 152,

where a1 =i+ myiny and ap = j+ many, implies y1,; = Yo ;.
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Since the equation F’flAl = ngAz can be solved for nq,1n, € IN, we can de-
termine the precise location in x(A) where the orbits y1A1(¢1) and y2A2(¢2)

intersect.
Let y3 be a terminal element of a left semi-infinite orbit under ¢, respectively,
then
-1 -2 —my -1 -2
o Y392,Y3, Y302 S Y3Pr s Y3y = Ysls yslngy  ysla gy e (24)

We can rename part of Sequence (24),

e Y3,-1,Y3 = Y30, Y31, Y32, - Y3,m1—1, Y3003, 43113, 3213, ... . (25)

We can, therefore, follow the same procedure as above to determine the precise
intersection of the orbits y1A1(¢1) and y3A;(¢2). D

We can form a corollary to the above lemma. Let A; € (A) (possibly trivial) for
i=1,..,kand yi, ..,y elements of Y which are either initial or terminal elements
in semi-infinite orbits for ¢y, ..., gx.

Corollary 47. If the orbits y1A1{¢1), ..., YDk (@x) intersect then we can determine
precisely where they intersect in x(A).

By the above result, it is natural to give a name to the points in x(A) where
the orbits y1A1(¢1), .., YxDr{@k) (for possibly trivial A; € (A)) intersect.

Definition 48. Let y1, .., yx be elements of Y which are either initial or terminal elements
in semi-infinite orbits for @1, ..., px. If the orbits y1M1(¢1), ..., YDk (@x) intersect, then
we call this set the intersection set and the elements of this set intersection points.

For the next two lemmas, we assume that the k-tuples ¢ = (¢, ..., ¥¢) and
@ = (¢1,..., px) of regular infinite elements of G, are pairwise conjugate (i.e. §;
is conjugate to ¢; for all 7/) and in tuple-quasi-normal form with respect to X and
Y respectively.

Let &) ; be the equivalence classes of elements of X defined by the action of y;
fori=1,.., k.

Lemma 49. Let @ and ¢ be simultaneously conjugate by some conjugator p. For fixed i
and j, suppose that x;; in X;; is an element of type (B) for i; and y;; in Y is an initial
or terminal element in a semi-infinite orbit under the action of ¢; such that x;,;p is in the
orbit yj,z'<(Pi>-

Then, for each (s, @s) pair (s # i),

(1) either x;; is an element of type (B) for s and there exists y' in Y an initial or terminal
element in a semi-infinite orbit under the action of ¢s such that the intersection set
Z(i,j,s) = yji{@i) Ny {ps) # D;

(2) or x;; is an element of type (C) for s and there exists T € (A) and y' in Y an
initial or terminal element in a semi-infinite orbit under the action of ¢s such that the
intersection set Z(i, j,s) = y;i{@i) NY'T{gps) # .
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Proof. Since x;;0 = y;;¢;"", and p is a simultaneous conjugator, for s # i,

)

@

if x;; is an element of type (B) for ¢;, we know that for some initial or terminal
element i/ in Y of a semi-infinite orbit for ¢,

_ 1k
Xjifp =Y @s.
Thus, as p is a simultaneous conjugator,
! _k kji
vos =yi9,",
for Yjian initial or terminal element in Y of a semi-infinite orbit for ¢;. Thus,

the orbits of y'(¢s) and y;;(¢;) intersect.
if x;,; is an element of type (C) for ¥s, then firstly,

xjipl = x'T

forT € (A), minimal n € Z and x” some element of type (B) in X under the
action of ;. We know that for some initial or terminal element i’ in Y of a
semi-infinite orbit for ¢s,

o =y gk
As,
X'Tp = x'pl = i/ 9T,
we have
k
xj s = y'Tos
and (given that p is a simultaneous conjugator),
ko~ ke—
%iip =y Tosps" = y'Tos ™"
Thus, as p is a simultaneous conjugator,
ke~ k
YTos ™ = yjigi,
for Yjian initial or terminal element in Y of a semi-infinite orbit for ¢;. Thus,

the orbits y'T(¢s) and y;; (1) intersect. O

Applying Lemma 49 for each i = 1,...,k and over all equivalence classes &X;;

defined on X under each 1;, gives rise to the following definition.

Definition 50. We define the set,

k
I(p.9):= NUUZG)s)

i=1 j s#i

of intersection points of the pair of k-tuples ¢ and ¢.
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We can now form the obvious corollary by applying Lemma 49 for each i =
1,...,k and over all equivalence classes &; defined on X under the action of each

Pi.

Corollary 51. If y and ¢ are simultaneously conjugate, then the set Z(p, ) of intersec-
tion points is non-empty.

We should make some general comments about Corollary 51. Firstly, recall
that the basis X which was used for Lemma 49 was the smallest basis giving all
elements of the k-tuple ¢ in semi-normal form (see Definition 45). This is then, in
some sense, the smallest basis that we can define the action of p (a simultaneous
conjugator) on.

Definition 52. Let B(X) be the set of all elements x in X, such that x is of type (B) for
some element in 1p.

Secondly, a necessary condition for p to be a simultaneous conjugator is that,
for every element x; € B(X) we have that,

ky iy

k im
P = Y@, = = Y, 9" =y € Y(A), (35)

m

where k;; , .., k;;, € Z and y,;,...,y1;, elements in Y that are initial or terminal
elements in a semi-infinite orbit for ¢; , ..., ¢;,. The set of all elements i’ in Y(A)
which are found by the intersection of the orbits y;; (¢i,), ..., y1,, (¢i,) will be
called the set of solutions to equation 35 for x; and denoted Yy, (this set could be
infinite). It is clear that Yy, C Z(,¢).

We can thus identify subsets of Z(1, ¢) (namely the sets Yy,) with the set B(X).
Specifically, we can identify each x; € B(X) with a set Yy,.

Thirdly, recall that the basis Y which was used for Lemma 49 was the smallest
basis giving all elements of the k-tuple ¢ in semi-normal form (see Definition 45).

If a simultaneous conjugator p exists, we can always extend the action of p on
the basis X to the action of p on an expansion of X, X, such that we get a bijection,

0 X7,

where Y is some expansion of Y. This is achieved by the solution to the single
conjugator problem, once we have chosen where to send the elements x € B(X)
in Y(A).

We will explain how to form the expansion X later. For now, we state some
conditions for the construction of a basis Y. That is, if the construction of Y fails,
then the k-tuples ¢ and ¢ are not simultaneously conjugate.

Lemma 53. Suppose for each x € B(X) one chooses some element xp that is a solution
to equation (35) i.e. xp € Yx. Then, the set {xp|x € B(X)} can be completed to a basis
Y in Y(A).
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Proof. We have chosen, for each x € B(X), some element xp € Y,. Then, the
only obstruction to completing this set {xp|x € B(X)} of elements (in Y(A), as
xp € Z(,@)) to a basis is if there exists I' € (A) such that for xq,x, € B(X),

x10 = x0T,
However, since p (if it exists) is an automorphism of the free algebra V; 1,
X0l = x2Ip.

Therefore, x; = x,I. This is a contraction, as the elements of B(X) form are part
of the basis X. O

By the definition of left and right semi-infinite orbits (see Section 3.1) of ele-
ments of Y, under the action of @iy, s 9i,, we have that the elements y’ defined
above are initial or terminal elements of a semi-infinite orbit under the action of
@iys - Pi,,, With respect to the subalgebra Y (A). (There are, obviously, other ele-
ments in Y that are not initial or terminal elements in a semi-infinite orbit, they
will be elements of type (C) for all ¢;.)

We will now form a definition about a special expansion of the basis Y, on
our way to a proof of the simultaneous conjugacy problem for regular infinite
elements of G 1.

Definition 54. Define Yy to be the smallest expansion of Y which consists of elements
y' of Z(¢, ) that are also initial or terminal elements in semi-infinite orbits for some
element of g, with respect to the subalgebra Yo(A).

For the next two results, we will assume that the k-tuples ¢ = (¢1, ..., ¥¢) and
@ = (@1, ..., ¢x) of regular infinite elements of G, are pairwise conjugate (i.e. ¥;
is conjugate to ¢; for all i) and in tuple-quasi-normal form with respect to X and
Y respectively.

Also, let & ; be the equivalence classes of elements of X defined by the action
of jfori=1,..,k.

Proposition 55. Suppose  and ¢ are simultaneously conjugate. Then, there exits a
conjugator p and a computable minimal expansion Y of Y such that, for each chosen type
(B) element x;; in each equivalence class X;; for each ¢;,

Xji0 = Yji

for y;; an initial or terminal element in Y in a semi-infinite orbit for some ;.

Furthermore, the minimal expansion Y of Y with this property is Yo from Definition
54.

Proof. Given that 3 and ¢ are simultaneous conjugate, for all x; € B(X), x;p
must be a solution to equation (35). By Lemma 53, for all x;; € B (X) such a set of



February 2012

20 Nathan Barker

solutions {xp|x € B(X)} can be completed to a basis Y (an expansion of Y) such
that

XjifP = Yjir
where y;; in Y is an initial or terminal element in a semi-infinite orbit under the

action of a least one ¢;, with respect to the subalgebra Y(A).

We need to show that such a basis is constructible and if 170 can not be con-
structed, ¥ and ¢ are not simultaneously conjugate.

Suppose we choose Y to be the basis Yy, defined in Definition 54. That is, we
define the elements x;p for all x; € B(X) to be the "smallest" element in each Yy,
call it ;. The elements y; are solutions to equations (35) and imply that

Xipip = X109,
for all i.
Let x; € B(X) and a € Z. If we look at

xypio = xp97,
n; i
then as x; is of type (B), it will be a characteristic element for 1/11.11, ey l/Jinm’” (”ip €

Z) with multiplier I';, € (A) and y; € Yy will be a characteristic element for

(p:llil,..., qoZ:l"’ (n;, € Z) with multiplier T; . Therefore, for each x; € B(X) the
equation

xyip = xip97,
becomes,

t, - t
by "yt = xipef = yigf = il

where ; = a — ti,nj, with 0 < g; < nj, — 1. Since ¢;, ¢; and p are automorphisms,

i a;
: @; (tip €N),

ty, a i b Ly g _—
P .,a _ a p p aj a p
xlr,'p ¥i'o= xllpilprip and ylr,’p ¢ = qu)i’l"ip .

Therefore,
xyie = yigi',
and there are only finitely many elements xlip?i and y; go?i, as 0 < a; < mj, — 1.

Furthermore, each xllp?" € B(X) (otherwise, since x; is of type (B), we would have
a _

X = xllpib"Ai). We have already assigned the images of all x; € B(X), such that
x;p is a solution to equation (35). Hence,

xjpip = x;p@f foralla € Z.

If, after the assignment of each x; € B(X) to the "smallest" element in Yy,, p fails
to be a conjugator, then there must exist a type (C) x;’i element in X, for all v,
such that

/ / H
Xjpip # Xjp@; for some i.
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By definition of type (C) elements (see Lemma 22), there exists an element x;; of
type (B), I'j; and k;; € Z such that,

ki
! [ R
X = Xl i

for all i, j. However, these type (B) elements x; ; satisfy equations of the form (since
)
xi,jp - ]/]ll E YX]‘/,')/

Xjipip = Xji0@i.

Thus, for the equations,
/ — . T —kji _ —kji r
Xpipip = X, Ui o = xjp; ol

ki ki
/ _ 1 _ ji
xXj @i = xjLjap Vo = xjip; " peilly,
we have that,
—k: —k. |
Ji _ 7 ] ]
Xii; Y0 = X9 Qi = Y9
and
—ki —ki: —kii+1
i _ (P i
Xii; TP = Xjip@; @i = Y9
for y;- ; an initial or terminal element in 170 in a semi-infinite orbit for ¢;. A contra-
diction, since x;,il,bl-p # x;rip(p,-.
Hence, once we define the basis Yj, p must be a simultaneous conjugator and
we can map each chosen type (B) element x;; in each equivalence class Xj; for
each y;,

YiiP = Yji
for y;; an initial or terminal element in 170 in a semi-infinite orbit for some ¢;.
Furthermore, it is clear that the basis Yy from Definition 54 is computable. (The
remaining elements of Yy which are type (C) for all ¢; can filled in by applying

the conjugacy problem solution to each (¢;, ¢;) pair, now that we have an initial
map for the type (B) elements B(X).) O

We can now follow the same process as for the single conjugacy problem with
our newly constructed basis Y.

Form now on we assume that the k-tuples ¢ = (¢1, ..., ¥) and ¢ = (@1, ..., k)
of regular infinite elements of G, are pairwise conjugate (i.e. ¢; is conjugate to
@; for all i) and ¢ = (¢4, ..., k) is in tuple-quasi-normal form with respect to X.
We assume that Y is defined as the basis from Proposition 55 giving all elements
in the k-tuple ¢ = (¢4, ..., @) in semi-normal form.

Lemma 56. Suppose @ and ¢ are simultaneously conjugate and assume that p is as in
Proposition 55.
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Then there exists a finite set Y, of elements y' of Y for each (1p;, ¢;) pair such that for
all other type (B) elements x' in each equivalence class X under ¢;, x'o =y’ (p§ forl e Z.
Furthermore, one can determine | uniquely and hence there are only a finite number of
possibilities for the image of each x" under p for each (;, ¢;) pair and subsequently for

the tuples ¥ and ¢.

Proof. We look at each (¢;, ;) pair separately and apply Lemma 42 to the bases
X and Y with p mapping an element of type (B) for each equivalence class X for
each (¥, ¢;) pair. This, then, creates a finite set of elements ' of Y for each (¢;, ¢;)
pair such that for all other type (B) elements x’ in each equivalence class X’ under
i, xX'p = y' ¢! for some uniquely determined / € Z.

One then checks that such a conjugator is consistent for all other (y;, ¢;) pairs,

i#J. O

Proposition 57. Let ¢ = (1, ..., Yx) and ¢ = (@1, ..., px) be two k-tuples of regular in-
finite elements of Gy 1 in tuple-quasi-normal form with respect to X and Y (see Definition
45) respectively.

Assume that for each i, ; is conjugate to ¢;. If the k-tuple ¢ is simultaneously
conjugate to the k-tuple ¢ then there exists a finite set R(wp; ) of maps such that there
exists a conjugator p (which can be seen as an isomorphism from X(A)(A) to Y(A)(A))
for which the restriction p|x = po is one of the maps in the finite set R(; ).

Proof. We can clearly test for a given py if it uniquely extends to an isomorphism
between the algebras X({A)(A), Y{A)(A) such that p~ly;p = ¢; for all i.

Since we have assumed that the set of characteristic multipliers for ¢; and ¢;
coincide, by Proposition 55 there exists a conjugator p such that for each equiva-
lence class X defined on X under the action of ¢; (see Definition 36), there exists
an element x; € & such that x;p is an element y; of type (B) in Y for ¢;.

We define pg to be the map which maps the selected x € X to the selected
y € Y. There are only finitely many initial choices of x € X under each y; and
finitely many choices for the image xp in Y (as the number of elements of type
(B) in X and Y is finite for each pair (¢;, ¢;)).

Next, we wish to show that if x’ is another element of type (B) in X for each
pair (¢;, ¢;) then there are only finitely many possibilities for x’py.

This is accomplished by Proposition 56. Which states that there exists a finite
set ) of elements ¥ of Y for each (¢;, ¢;) pair such that for all other type (B)
elements x” in each equivalence class X' under y;, xX'p = cpf for some unique
leZ.

Hence, we define pg to be the map which maps the selected x’ € X for each
; to the selected x’p. There are only finitely many choices of type (B) elements x’
in X for each ¢; and only finitely many choices for the image x'p in Y(A)(A) for
each ¢; as the number of characteristic elements in X and Y is finite for each pair
(i, ;). Thus, there are only finitely many maps pp which can be defined with
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the above properties.

Note that in using the transitivity of = to show that x = x” where both x and
x" are of type (B), we need not go through an element of type (C). For if z is of
type (C), then by Lemma 22 there is a z1I';; in the orbit of z for some z; of type
(B), and any orbit containing some zA, contains also z1I';,A,. Finally, if z = x
and z is of type (C) then z = z;I';, 1pfF for some z; of type (B), I';, and k, with zp
determined once (z10)I, ¢ is chosen. We can do this for each (;, ¢;) pair and
check the consistency of p by looking at all other pairs (v}, ¢;), i # j.

By the above process, we have constructed a finite set R(3;¢) of maps po
between X and Y (A)(A). O

We now have the following consequence to the above proposition.

Theorem 58. The simultaneous conjugacy problem for reqular infinite elements of Gy
is solvable.

5.3. Power conjugacy problem

The power conjugacy problem naturally arises when you have any group B and
G an HNN group extension given by

G = (a,Brel B,a 'Wa = V),

where W and V are words in the generators of B defining elements of the same
order. It follows from [16, Lemma 5] that if x and y are elements in B that are
conjugate in G but not in B then x and y are conjugate in B to powers of W or V
and hence in G to powers of W.

This motivates the study of the power conjugate problem for a group.

Problem 59. [1] Does there exists a,b € Z, z € G such that x* = z‘lybz # 1 for
x,y €G?

It is clear that we should concentrate on the case |a| # |b|. See [1,13,17] for
references to this problem.

The aim of this subsection is to answer this question for the Higman-
Thompson group Gy .

We will now prove that the Higman-Thompson group has solvable power
conjugacy problem (Theorem 60). We can break this problem down into two cases
by Theorem 28: when ¢, ¢ are torsion elements and when ¢, ¢ are regular infinite
elements.

5.3.1. Torsion elements

Let X, Y be bases such that torsion elements 1, ¢ are in quasi-normal form with
respect to them.
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As ¢ and ¢ are of finite order, there are only a finite number of choices for the
pair (a,b) € Z? such that |a| # |b|. We can therefore take all pairs and apply the
conjugacy problem criterion for torsion elements, that we use Proposition 34.

5.3.2. Regular infinite elements

Let X, Y be bases such that the regular infinite elements 1, ¢ are in quasi-normal
form with respect to them. If we want to find integers a, b with |a| # |b| such that
" is conjugate to ¢, we need to examine all elements of X (resp. Y) of type (B).

Each element x € X of type (B) is a proper characteristic element of a proper
power my of P with some multiplier I'y i.e. xp™* = xTy. Similarly, for the elements
y € Y of type (B) are proper characteristic element of a proper power m, of ¢
with some multiplier I'y i.e. y¢" = xA,. Both m, and m, are taken to be the
smallest possible integer.

A condition for conjugacy is that the set of characteristic multipliers and pow-
ers My and M, coincide, by Proposition 37. Therefore, as x¢p*"* = x(T'y)* and
Yot = x(T'y)", we need to be able to pair up (my,I'x) and (my, A,) such that

ajmy = bjmy and Iy = Aij,
for a;,b; € Z\ {0}. There is only a finite number of possibilities for a;, b; if we
require that ged(a;, bj) = 1, as the sets My and M, are finite. We can therefore
take all 4; which are coprime a;- and all b; which are coprime b;- and forma =T[7; a;-
and b =[T; b]
There will be a finite set of pairs of elements (a,b) satisfying the about con-

dition. We then apply the conjugacy problem solution to * and ¢°. Thus we get
the following.

Theorem 60. The power conjugacy problem for the Higman-Thompson group Gp; is
solvable.

6. Centralizers of Elements in G;1

Using Theorem 44 we can split the construction of centralizing elements in to
elements that centralize regular infinite and periodic elements of G, .

This section develops the correspondence between finitely generated free-
abelian subgroups of G;; and the centralizing elements for a regular infinite
element. The final section provides criteria for an element of G,; to centralize
a given torsion element.

6.1. Finitely generated free-abelian subgroups of Gz1

This section provides information that will be used in Section 6.2, connecting the
centralizer of a regular infinite element of G,; with the normalizer of finitely
generated free abelian subgroups of G ;.
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Definition 61. Let H be a subgroup of G1. We define the centralizer of H to be
Ce,,(H) = {9 € Goa1|Vy € H,pp = ¢y}

and the normalizer of H to be
NGZJ(H) = {4’ € G2,1|4)71H(P = H}

The next theorem is [9, Theorem 9.9 part (ii)] and the proofs for the subsequent
Lemma’s follow the proof of [9, Theorem 9.9 part (ii)]. However, it is universally
accepted that this proof is difficult to read. Furthermore, more details are required
to extend this proof and the tools involved for the scope of this article. Hence, we
include a very detailed account of the proof of following part of [9, Theorem9.9].

Theorem 62. [9, Theorem 9.9 part (ii)] Let H be a finitely generated free-abelian sub-
group contained in Gy,1. Then the centralizer Cg, | (H) is of finite index in the normalizer
Ng,,(H).

The rest of this section is devoted to the proof of the above theorem. From
now on we assume that H satisfies the conditions of Theorem 62.

Definition 63. [9] Let p € H. A characteristic sequence for ¢ is an infinite sequence

Uu=..,u_p,u_q,ug, Uy, uy,..,

of elements of V, 1, such that u; 1 = u;ip and there exist some non-trivial T € (A) such
that

(1) foralli, ujy1 = u;l,
(2) or forall i, u; = uj1I.

In the first case we say that u is a right characteristic sequence and in the second case a
left characteristic sequence for 1.

Remark 64. Notice that if u is a right characteristic sequence then there exists a
smallest i for which u; € x(A) and then u; € x(A) /for all j > i. In that case u; is
a right characteristic element by Definition 23 and is in a right semi-infinite orbit
with respect to x.

Similarly, if # is in a left characteristic sequence then there exists a biggest
i for which u; € x(A) and then u; € x(A) for all j < i. In that case u; is left
characteristic element by Definition 23 is in a left semi-infinite orbit with respect
to x.

It may also be noted that a right characteristic sequence for ¢ is a left char-
acteristic sequence for ¢~! and that a left characteristic sequence for ¥ is a right
characteristic sequence for 1.

We say that i is a characteristic sequence for H if it is a characteristic sequence
for some element 1 in H.

We will see that Ng, , (H) acts on the set of characteristic sequences for H. We
will introduce the notion of an oriented characteristic sequence and that some
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elements of Ng,, (H) preserve the orientation of the sequence and some reverse
the orientation of the sequence.

Lemma 65. [9]Let il be a characteristic sequence for € H. If ¢ € Ng,, (H), then ii¢
is a characteristic sequence for ¢~ .

Proof. [9] We can look at right characteristic sequences and the same will be true
for left. So, suppose u is a right characteristic sequence. Then, as u;ip = u;I’ =
Uiy, Vi, with u; € u, we find

(uip)p ™" = uipp = uTp = u; 1, Vi,

Hence, i¢p is a right characteristic sequence. O

We will closely follow the proof of [9, Theorem 9.9] and study the action of
Ng(H) on the characteristic sequences.

We will start by proving some lemmas, the first of which gives a finite set of
infinite sequences which we will denote by (). We then show that we can associate
this set () to a regular infinite element ¢ of H and in fact to H itself. Finally, we
let elements of Ng,, (H) act on this finite set of infinite sequences and study the
outcome.

Definition 66. We say that a characteristic sequence u for H is

o fixed set-wise but not pointwise by the element @ if g = u but u;p # u; for all
u; € u.

o contained in another characteristic sequence v, written  C v, if it is contained in U
as a subsequence.

o maximal if there exists no element  of H with a characteristic sequence v # i such
that u C v.

Lemma 67. [9] If u a characteristic sequence of € H then there is a unique maximal
characteristic sequence containing i as a subsequence.

For each i € H there is only a finite set of maximal characteristic sequences each fixed
set-wise but not point-wise by some power of .

Proof. [9] Suppose without loss of generality that # is a right characteristic se-
quence for ¢ € H with u; = uip' and uyp = uTl for some non-trivial T € (A).

Suppose there exists a right characteristic sequence w for ¢ € H containing u
as a subsequence i.e. i C w,

up = uh and w; = ug’ for some non-trivial A € (A).
As 1 C w then for some power m of ¢ we have

ulN" = u¢e™ = up = ul.
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Thus, I' is a proper power of A and so u;1 = w;I' = u;A" = u;p™ for all i.
Therefore, there are finitely many right characteristic sequences that contain # as
a subsequence.

Next suppose that there exists ¥ a characteristic sequence for § € H containing
il as a subsequence with uf = u¥, v; = uf’ and o # @, ¥ € (A). If no such 7 and
f € H exists, then w is a maximal characteristic sequence. If 7 does exist, then
given that H is abelian,

uXA = ubp = ugpd = uAx.

Thus, for some word A € (A) we have A = A%, %~ = AP where a,b are positive
integers. Replacing A by a power A if necessary, we may assume that a and b
are relatively prime ie. ac +bd = 1. Therefore, u¢p0? = uA and we define a
characteristic sequence W for H by,
W; = u(¢°0%) = uA'.

Hence, W contains @ and since T has only a finite number of initial segments
this process terminates in a unique maximal right characteristic sequence for H
containing u as a subsequence.

By Lemma 22 a maximal characteristic sequence contains a semi-infinite orbit
and by Lemma 19 there are only finitely many semi-infinite orbits in V,; under
the action of p°0%. Thus, for any element ¢ of H there are only a finite number of
maximal characteristic sequences each fixed set-wise but not point-wise by some
power of . |

Lemma 68. [9] Let 0 be any maximal characteristic sequence for H = (6, ..., 0x). Then
there are intergers i and m such that 0" fixes the maximal characteristic sequence U set-
wise but not point-wise.

Proof. [9] If U is a characteristic sequence for ¢ € H with v;p = v;I' = v, for
some non-trivial I' € (A) and if ¢ € Cg,,(H), in particular if we take ¢ € H
then 9¢ is one of a finite number of characteristic sequences fixed set-wise but
not point-wise by .

Thus, H has a subgroup B of finite index, m say, fixing v set-wise. In particular,
01" fixes v set-wise for each i.

As H is finitely generated by 61, ..., f, since 1 = 67'..6;* then ™ = 671" ..6;*"".
Since, Y™ = 6/""...0*" does not fix 7 point-wise i.e. vji™ # vj, then one 6" must
not fix v point-wise. O

We can now see that each element of H has a finite set of maximal character-
istic sequences associated to it by Lemma 67. Further, we see that each maximal
characteristic sequence associated to an element in H is a characteristic sequence
for some power of a generator.

As H is finitely generated, we thus get the number of maximal characteristic
sequence that can be associated to H is finite.
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Lemma 69. [9] There are only finitely many maximal characteristic sequences for H.

Proof. Putting Lemma 67 and Lemma 68 we see that this implies there are in total
only finitely many maximal characteristic sequences for H. O

We see that the maximal characteristic sequences are not just associated to the
element 1 we have constructed from H, but to H and thus the generators of H.

Definition 70. We define Q) to be the set of maximal characteristic sequences for H.

Lemma 71. [9] Let ¢ € Ng,,(H). If ¢ fixes a maximal characteristic sequence i for H
set-wise then for all u; € u we have u;¢ = uy; where t € Z and n = £1.

Proof. [9] Let # be a maximal characteristic sequence for 6 € H and let ¢ €
Ng,,(H). Suppose that uop = us. Then

uip = o' = uop(¢~'09)" = ur(9~'09)" = wy',
where ¢ = (¢~ 10¢). As ¢ € Ng,,(H), ¢ commutes with 6.
If usp = uy, then for all s

Upss = Ur0° = upp6® = u0°Y = wpy1h.

Now, suppose that

Ut = Upty.

If utl[J_l = 14, then

-1
ur =up P = ugP = gy

So ut = uyyy and thus g = —y +t and up~! = u_, 4. Inductively, we have for
all integers i, u;p = up' = uyiyy.

If |#| # 1 then ¢ maps i into a proper subset so i O 1i¢. However, i is a
maximal characteristic sequence and so by applying ¢! to both sides, we get
ip~! D i, which is a characteristic sequence for p8¢~! € H. This contradicts the
maximal nature of #. Thus || = 1. O

The action of Ng,,(H) on the maximal characteristic sequences for H allows

us to consider a new set of oriented maximal characteristic sequences ().

That is, there are elements of Ng,, (H) that act by conjugation which preserve
the orientation of the maximal characteristic sequences by mapping v +— u for
i,v € O and maps that reverse the orientation of a maximal characteristic se-
quence U — iR for @1, 7 € O, that is i but with the direction reversed.

Definition 72. We define Q) to be the set of oriented maximal characteristic sequences
for H, that is

Q' = {u,uR|i e Q}.
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Lemma 73. [9] Let H be a finitely generated free-abelian subgroup of Gy1, then there
exists subgroups M and L of Ng, | (H) such that,

(1) M is a normal subgroup of finite index in Ng,, (H);
(2) and L is a normal subgroup of M where LN H = {Idg, } and M/ L is a free abelian
group of finite rank.

Proof. [9] (1) Firstly, we define the set ()’ of all maximal characteristic sequences
and their reverses i.e. all oriented maximal characteristic sequences.
For ¢ € Ng,,(H) and a maximal characteristic sequence # = (u;) we have

@ (u;) — (uip).

Let M be the kernel of the action of Ng, (H) on the finite set (). Thus, M is a
normal subgroup of finite index in Ng,, (H).

(2) Secondly, an element ¢ in M acts on the finite set of oriented maximal
characteristic sequences QO as

If we let the oriented maximal characteristic sequences be 5(1), . 7(M) and the t’s
corresponding to an element ¢ of M be ty, ..., t;;, then the map

Y:M—Z",

where ¢ — (t1, ..., ty) is a surjective homomorphism of M into the free abelian
group of finite rank. The kernel of ¥, L, is the set of elements of M that fix each
oriented maximal characteristic sequence point-wise. L is a normal subgroup of
M.

Let ¢ be a non-trivial element of H in semi-normal form with respect to X.
Since @ has infinite order, by Theorem 24 some proper power of ¢ has a proper
characteristic multiplier I say. Let vy € X be a characteristic element for ¢", so

0¥ = vol = v; and ©ved" = v,.
Then
00" = v " = vy " = V[ = vyl = v, £ v;.

Therefore 0" ¢ L and thus 8 ¢ L, HN L = {Idg,, }
We thus have the (sub-)normal series,

N>Mp>L>1,
with N /M finite, M/ L free abelian of finite rank and LN H = 1. O

From Lemma 73 we now have a description of the elements of NGM(H ) in
terms of the subgroups M and L.
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In fact we have two sequences, given by the proof of Lemma 73. The first
sequence
1— M — Ng,,(H) — Sym(QY') — 1,

given by the action of elements of Ng,,(H) on the orientated maximal charac-
teristic sequences for H, where Sym(Q)) is a permutation group of the orien-
tated maximal characteristic sequences for H. We can define this by the map
7 : Ng,, (H) — Sym((Y), where v(¢) = {(a, .., 1mre = {#Wg,..,uaM e} for
¢ € Ng,,(H) and {a®, ., amy = .

Secondly,

1-L—-M-—-2Z"—1,

given by the map ¥ in Lemma 73, where L is a normal subgroup of M. We are
now ready to prove the Theorem 62.

Proor oF THEOREM 62:[9] By Lemma 73, since H N L = 1, then using the third
isomorphism theorem,

(HOhM)L/L=2 (HNM)/(HNMNL) 2 HNM.

(HONM)L/L C M/L,
is free abelian, then H N M is free abelian. Since
H/HNM=HM/M C chll(H)/M,

is finite, then H N M is of finite index in H. There is an n such that HN M >
H" = {h"|h € H} and H" is torsion-free, as it is finitely generated and free-
abelian, so we must have H = H". We have that H” < HN M < M. Now, since H
is abelian and contains the commutator [H, M] (as M C Ng, (H)), we can show
that [H, M]" = [H", M]. In fact we can show that Vh € H and m € M

[h,m]" = [h",m].

Let h,h' € H and m € M then

[hh',m) = [h,m)" [W,m],
by a standard commutator identity, see [14]. Now, as

[, m)" [0, m)] = [, m][K,m].
Since
(W, m] = [W*"h, m] = [K*=1, m][h, m],

we get for k = n,

(0", m] = [, m]".
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We can now us this to show that actually Vm € M, m centralizes H.
[H M]" =[H",M] < [HNM,M] < [H,M]N[M, M]
< [Ng,,(H),HIN[M,M] < HNL = {ldg,, },

and since [H, M] is torsion-free, [H, M] = 1. Thus M < Cg,, (H), whence Cg,, (H)
has finite index in N, . O

6.2. Centralizing regular infinite elements

We will, in general, refer to the regular infinite part of an element of G, as a
regular infinite element. This is an abuse of Definition 29. However, as the regular
infinite part of an element ¢ acts on the subalgebra Vg as an automorphism of
the subalgebra we are not being too precise. This inevitably saves cumbersome
notation and language in the proceeding subsections.

We will now introduce a partition of the subalgebra Y (A) induced by a regular
infinite element . This in turn gives way to a decomposition of i in which the
disjoint semi-infinite orbits of ¢ have elements of the orbit in disjoint sets of the
subalgebra Y (A).

Definition 74. Let ¢ be a reqular infinite element and in quasi-normal form with respect
to the basis Y. We can decompose Y (and thus Y (A)) as,

k
y=]]v-
i=1

where Y; is defined by the intersection of Y with one of the equivalence classes defined in
Definition 36. Then { = 1. where 1; is defined on 'Y by

{ylp 1f]/ € Yi/ ) )
y ify €Yjfori#]
and we call Y; the support of ;. Then P;p; = ;1.

yi =

Remark 75. This is similar to the decomposition in [3] given by the disjoint flow
graph components of a given infinite order element of Gy .

Remark 76. Let 1, ¢ be regular infinite elements of G ; with respect to the bases
X, Y. By Proposition 43, we can construct a finite set of maps R(¢; ¢) of X into
Y(A)(A) such that if ¢ is conjugate to ¢, then a map py € R(¢; ¢) extend to an
isomorphism

p: X(A)(A) = Y(A)(A).

We constructed such maps by looking at a least equivalence relation on the basis
X, see Definition 36. The equivalence classes constructed are preserved by the
decomposition of the basis as defined in Definition 74. The maps from R(¢; ¢)
map one equivalence class of X(A) to one of Y(A) with the same characteristic
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multipliers (see Proposition 37). If we are looking at centralizing elements g (i.e.
P = ¢ and X =Y) then

g Yg =g P58 g,

where each ¢~ 1¢;¢ is centralized by g or conjugated to a P; (i.e. ¢ permutes the
decomposition) by the above argument.

Lemma 77. Let ¢ be a regular infinite element of Gp1 then § = y...¢p, where the ;’s
are reqular infinite elements and H = (1, ..., \x) is a finitely generated free abelian
subgroup of Go 1.

Proof. By Definition 74 i can be decomposed as ¢1...¢, where ¢;1p; = ¢;1p; and
; are regular infinite for all i, j. Therefore, H is a finitely generated free abelian
subgroup of G 1. O

Theorem 78. Let ¢ be a reqular infinite element of Gpq then there exists H =
(Y1, ..., Px) a finitely generated torsion-free abelian subgroup of G, 1 such that

Ce,, (H) € Cq,, (¢) € Ng,, (H).
Therefore, Cg,, () has finite index in Ng, , (H).

Proof. By Lemma 77 for any regular infinite element 1 we can construct a finitely
generated torsion-free abelian subgroup of G; 1, H and from Theorem 62 we know
that Cg, , (H) has finite index in Ng,, (H).

Obviously, Cg,, (H) C Cg,, (). Given any g € Cg,, (¢) by Remark 76 we see
that

§ g =g 'P1g8 1 ig,

where each ¢!y, is centralized by g or conjugated by ¢ to a ;. Thus, g €
Ng,, (H) and hence Cg,, (H) C Cg,, (¢) € Ng,,(H).
Therefore, Cg,, () has finite index in N, , (H). O

Remark 79. As we have chosen a very special H, we can say that L will just
consist of the identity element in G, ;. As the only element that fixes characteristic
sequences for regular infinite elements in this case is the identity.

Hence, as the proof of Theorem 62 describes elements in Cg,,(H) and
Ng,,(H) then we understand the elements in Cg,, (¢) for ¢ a regular infinite
element. We can therefore form the following corollary.

Corollary 80. Let ¢ be a reqular infinite element of Gpq in quasi-normal form with
respect to Y. If  has C) as its set of oriented maximal characteristic sequences, then

1—-Z - Cg,, () = S — 1,
where S C Sym(QY') and k is given by Definition 36.
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Proof. Let ¢ = ¢;...¢x be in quasi-normal form with respect to Y (partitioned
according to Definition 36) and Q' the set of oriented maximal characteristic se-
quences for H = (i1, ..., ;). If |Q)'| = m, we can replace Z™ by Z* because the
oriented characteristic sequences will intersect the k equivalence classes, by Defi-
nition 36.

As any element that centralizes ¢ will permute the decomposition ¥;...¢; (see
Remark 76), we thus see that the map ¥ : M — Z™ (Lemma 73) is actually a map
to ZF.

More specifically, the partition of Y induced by the equivalence relation from
Definition 36 also partitions up the set of oriented maximal characteristic se-
quences for H. That is, we can group the t/s corresponding to which oriented
maximal characteristic sequences for H intersect each of the equivalence classes
of elements of Y. O

6.3. Centralizing periodic elements

We will, in general, refer to the periodic part of an element of G, as a periodic
element. This is an abuse of the Definition 30. However, as the periodic part of
an element ¥ acts on the subalgebra Vp , as an automorphism of the subalgebra
we are not being too precise. This inevitably saves cumbersome notation and
language in the proceeding subsections.

We can consider each periodic element ¢ as being defined by a basis Y (for
which ¢ is in quasi-normal form) and a permutation ¢ of that basis, that is an
element in Sym(Y) with |Y| = m. All orbits of the subalgebra Y (A) will be an
orbit of the same cycle type as that in ¢.

This can be seen in Graham Higman’s work. Looking at Lemma 22 the basis
giving a finite order element of G;; in quasi-normal form completely determines
the finite orbits. Therefore, for each periodic element ¥ of G, it is sufficient to
look at a basis Y for which 1 is in quasi-normal form and a permutation of that
basis corresponding to the orbit structure of i for elements of Y.

We note that if Y is a basis giving a periodic element ¥ in quasi-normal form,
then any uniform m-fold expansion on Y (|Y| = m) gives ¢ in semi-normal form
with respect to the new basis.

Lemma 81. Let ¢ be a torsion element of Gy 1 of order n in quasi-normal form with
respect to the basis X = {xq, ..., X,_1} such that x;\p = x; 1 taking the indices modulo
n. Let p be an element of G 1.

Then, p centralizes 1 if and only for some m € IN we have bases of the form

Y = {XOF1, veey xOFm, vy xn_ll“l, ey xn_ll“m}
and

/= {onl, vy XQAm, veey xn_1A1, . xn_lAm}
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such that for a chosen set kj € {0,..,.n —1} for j = 1,..,m and T € Sym(m), p is
defined by the equation,

xXil'jo = Xiti; B (),

where T'j, A; € (A) and i + k; is taken modulo n.

Proof. Firstly, let

Y = {xol'1, -, X0Ti, oo Xy 111, o0, X1 Ui }
and

Z = {xoD1, ooy X0Dp1, ooy X101, o X101 }
with p defined by the equation

Xil'jo = Xiti; B (j),
for chosen ki, ..., ky, and T € Sym(m).
Thus,
XL = Xip g Ar(y ¥ = Xigkj+18+(j),

and

Xl = xip1lje = Xigg181(j),
where i + k;j + 1 is taken modulo n. Thus ¢p = p.

Secondly, assume p centralizers 1. Let p : Y — Z where Y, Z C X(A). We will
show that we can choose Y, Z to be of the form given in this lemma.

Let p be in quasi-normal form with respect to Y. By Lemma 27 this basis is
unique. As p centralizes ¢, p : Yip — Zip. Since x;¢* = x;, (indices taken modulo
n), ¢ fixes Y setwise and thus Y has the form {x;I’;}, for x; € X and T; € (A).
Since

2y =Ypyp =Ypp =Yp =2,
we see that Z is fixed setwise by ¢ and thus has the form {x;A;}, for x; € X and
Aj € (A). We can therefore define p as the map,
xLjo = XE(ij) B i)
for x;T’ i € Y, xF(i,j)AG(ij) € Z, where F,G are functions that might depend on i
and j.
Now, as p conjugates i to ¢,
XLjoy = e AcinP = *riij)+186(,)-

and

Xilipp = xip1ljo = Xp(it1,) DG (it1,))-
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As pp = pyp we have F(i,j) +1 = F(i+1,j) and G(i +1,j) = G(i, ). Therefore,
inductively on i we have F(i,j) = i + k; where k; is some function that depends
on j and can take the values in the set {0,..,.n —1}. As G(i,j) = G(i+1,]) the
function G is independent of i, i.e. there exists T € Sym(m) such that G(i,j) = T(j]3

We next show that we can conjugate our torsion element i given in quasi-
normal form with respect to X with r cycles of length s to an element 3 with
one single cycle of length s on a new basis X' and thus we need only to consider
different sized cycles in a permutation of a quasi-normal form basis for a torsion
element of Gy 1.

The following lemma follows from the work of [9, Section 6].

Lemma 82. Let ¢, ¢ be torsion elements of G, 1. Suppose that i is in quasi-normal form
with respect to X of size rn, @ is in quasi-normal form with respect to Y of size n and that
each element has cycles of length n with respect to those bases. Then there exists a map p
from X to a proper expansion Y' of Y that is an element of Gy 1 such that p~'¢p = ¢.

Proof. Without loss of generality, let ¢ be in quasi-normal form with respect to
the basis

X = {x()r ey Xpp—1s woees Xrni—niy ooy xnr—l}r

and defined by Xin4jP = Xjpy (j41),004
(j + 1)mod » means take j + 1 mod n.
Let ¢ be in quasi-normal form with respect to the basis Y = {yo, ..., y»—1} and
defined by yx¢ = y(x41),,,, fork=0,..,n—1
Let Y’ be a basis of V1 which is a proper expansion of Y of the form {y;T;}
fori=0,..,n—1,j=0,..,n—1and I; € (A). Define a map p by:

fori=0,..,r—1land j=0,..,n — 1 where

Xintj = Yili,
forj=0,..,n—=1,i =0,..,r— 1. Thus, p is a bijective map
p:X =Y,

of bases, where |X| = |Y'| =rnandsop € Gy1.
We now check whether the equation ¢p = p¢ holds.

(1) We take the basis X and apply ¢ then p. Thus, we have

Xint PP = Xint(j+1)moa w€ = Y(j+1)mod n1 i7

forj=0,.,n—1landi=0,..,r—1
(2) We take the basis X and apply p then ¢. Thus, we have

XintjPP = YiLi® = Vi@ = Y(jt1)m0q , i
forj=0,.,n—1landi=0,..,r—1
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Hence, p conjugates i to ¢. O

We therefore get the following consequence of Lemma 82.

Corollary 83. Let i, ¢ be torsion elements of Gy as described in Lemma 82. Then
Ce,, (#) = Cq,, (@)

Proof. From the proof of Lemma 82 ¢ and ¢ are conjugate by an element of G; 1,
p. Therefore, there exists a map f : Cg,, (¢) — Cg,, (¢) defined by f(g) = g* for
all g € Cg,, (). This is an isomorphism and so Cg,, (¢) = Cg,, (¢)- O

From the solution to the conjugacy problem in G, for n > 2 and r € IN we
can not mix cycles of different lengths (see Proposition 34). We therefore get the
following lemma.

Lemma 84. Suppose  is a torsion element of Gy in quasi-normal form with respect
to the basis X with r; cycles of length s; for i = 1, ...,k on the basis X and ¢ a torsion
element of Gy1 in quasi-normal form with respect to Y with one cycle of length s; for
i =1,....k on the basis Y. Then, there exists an element p of Gy 1 such that p~'yp = ¢.
Furthermore, Cg, , (¢) = Cg,, (¢).

Proof. Firstly, by the solution to the conjugacy problem we can not mix different
cycles of different lengths. Therefore, we can apply a variation of Lemma 82 to
each portion of the basis X where r;-cycles of length s; are defined for each i.
Hence we define a map p between the basis X and a proper expansion Y’ of
the basis Y such that p~'¢p = ¢. Consequently, by a variation of Corollary 83,

CGz,l (l[)) = CGz,l (Cp) U

We thus only need to consider torsion elements of G, with one cycle of each
cycle type present in a basis for that given element. Therefore, a generalization of
Lemma 81 follows from the solution to the conjugacy problem, i.e. n-cycles and
m-cycles are not conjugate for n # m. Hence, centralizing elements centralize each
n-cycle and m-cycle separately.

Theorem 85. Let ¢ be a torsion element of Gy 1 in quasi-normal form with respect to the
basis X with ¢ having one cycle of length s; on the basis X fori =1, ..., n.
Then, p centralizes 1 if and only if for some ms, € IN we have bases of the form

Y:{xgl)rlsl,...,x(()“rmsl,.. S STPPILIN

s =17 1sy 7 51—
2 2 2 2
P P Ty 22T @

ESREES FoaR
(n) (n) (n)

(n)
xy T, X me...,xsnill“lsn,...,xsnill"mSn}

X,

and

1 1
Z={xVAy, ) A2 A2 A
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( (2)
0

2) 2)
Xg Alsz,...,x Amﬁz,...,xSr1

x[()n) IAS T x[()n) Aing, s s xé:)—l AT xggzl Amg, }

Alszf v X

such that for a chosen set kl(i) € {0,..,s; =1} for I = 1s,...,ms, and RON=
Sym(ms,), p is defined by the equation
Op@ 0 A0
5= X o Aoy

where l"l(i),Al(i) € (A) andj—l—kl(i) is taken modulo s; fori =1,..,nand j =0,...,s; — 1.

Proof. From the solution to the conjugacy problem for G, ; we see that central-
izing each s;-cycle is disjoint form centralizing each s;-cycle for i # j. We can
therefore apply Lemma 81 to each s;-cycle for i = 1, ..., n. The result then followsa

This completely describes centralizing elements for torsion elements of Gy ;.
We can now go further if we consider a splitting of a periodic element ¢ of G, ;.

Definition 86. Let ¢ be a torsion element of G, 1 in quasi-normal form with respect to
the basis Y with ¥ having one cycle of length s; on the basis Y for i = 1,...,n. We can
decompose Y (and thus Y (A)) as,

n
y=]]v.
i=1

where Y; is defined by the cycle of length s;. Then = ...\, where ; is defined on Y
by
gy = LYY ifyey,
l y ify €Yjfori#j,
and we call Y; the support of ¢;. Then Pip; = Pjip;.
We can thus form the subgroup for iy with respect to the decomposition given
in Definition 86, H = ({11, ..., ). Obviously, H = Cs, X .... x Cs, , where Cj, is the

cyclic group of order s; and H C Cg, ().
Firstly, we define a map ¥; : Cg,,(¢i)[y; — Gz, in the following way. For

@i € Ca,, (¥i)ly:

¢i — Yi(gi),
where ¥;(¢;) is defined by the bases Y = {xl’lsi, s Xl }, Z = {XAlsir ooy XDy }
and the map

L Yi(gi) = xBej ),

where T € Sym(ms,). This is obviously an element of G, ; as we have formed a bi-
jective map between two bases. Secondly, the map is a surjective homomorphism

of CG2,1 (lpl) |Yi - GZ,l'
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We can see that ¥; is a homomorphism by looking at a torsion element with a
single cycle of length 7 on some basis.

Lemma 87. The map Y¥; is a homomorphism.

Proof. Let ¢ be a periodic element of G, ; with a single cycle of length n on the

basis X = {xo, ..., x,—1}. Let ¢1, p2 € Cq,, (¢).
Let ¢ be defined by m; € IN with bases of the form

Y1 = {xol"l, ceey xol"m, ey Xn_1r1, ey xn_ll"m}
and
Z1 = {X0D 1, veer 0Bty oy X 1 D1, oy X1 A}

for a chosen set k](.l) € {0,...,.n—1} for j = 1,..,m; and 1y € Sym(my) with
equation,

xiFj(pl = xi+k§l)AT(j),

where I';,Aj € (A) and i + kj(1> is taken modulo n.

Let @, be defined by my € IN with bases of the form
Yy = {X0X1, e X0Z 1y, eoes X121, ooy Xp— 1y }
and
Zy = {x0E1, s X081y, s Xn—181, 0 Xy—18m, }

for a chosen set kl(Z) € {0,...,n—1} for I = 1,..,mp and ©» € Sym(my) with
equation,

*il1g2 = X, 2 By
where X, 5; € (A) and i + kl(z) is taken modulo 7.

We look at the maps x;I'jp; = xi+k§1)AT(]~) for j = 1,..,m and x;I1pp =
xi+k§2) Ay for I = 1,.,mp. Under ¥ we get maps xI'/'¥(¢1) = xA(;) and
xZ ¥ (@2) = xA,(;y (where x is the element in the set x). Thus,

xiljpr2 = ka](_l)Ar(j)(Pz-
We can then pass under the map Y to Gy by simply forgetting about the X0
j

so that we send xi+k}(1)AT(7) @2 — xAq ;¥ (¢2). We also have,

xT¥ (1) ¥ (92) = xAq, (¥ (92)-

Hence, Y is a homomorphism. O
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We can therefore form the map
Y CGZ,1(¢) — G2,1 X ... X G2/1,

where ¥ = Y;o0..0Y, is a composition of the maps defined for each i. The kernel
of this map is the subgroup G (which contains the subgroup H defined above)
consisting of all elements of p € Cg,, () with Yp =Y. Where Y is given by,

1 1 1 1
Y = {af )Flsl,...,x((] 0 PP )11’151,...,x( i

(2)1"15 ., x(()z) Fmsz, v X

xén)rlsn ey xén)FmSn s x(:) 11,7 xénqrmsn }

for a chosen set k €{0,..,si—1} for | = 1,,...,ms;, j = 0,..,s; — 1. Thus, p is
defined by the equatlon

x]FlP rl/

where I'; € (A) and j + k;i) is taken modulo s; fori =1, ..., n
We therefore form a short exact sequence,

1—G— Cg,, (¥) = (G1)" — 1.

If we form the map ®; : Gy1 — CG2,1 (I/Ji)|y1. for ¢; € G,

@i — Pi(@i),

where ®;(¢;) is defined by the basis
Y= {x(()i)rlsj’ o ( )rm< gl)—lrls s(l)—lrms }

and the basis
7 = {x(()i) Als,»’ ey x(()i) Amsi, ceey ngllAlsi; .y xg)flAmsi }
with map
x](‘l)rkq)i((Pi) = x}Z)Ar(k),

foreachi =1,..,n with T € Sym(ms,), j =0,..,s; — 1 and k = 1, ..., m,,. We can
compose the maps ®; o0...0 P, = ®. The map Y (P((¢1,... ¥u))) = (¢P1,..., Pn),
thus ¥® acts as the identity on (G, 1)". Hence, we get a splitting of the short exact
sequence so that Cg,, () = G % (Gp,1)".

As each centralizing element is build up out of the centralizing maps for the
s; cycles on the basis Y, we can describe the subgroup G (which contains H =
Cs; X ... x Cg,) as G = Ggy X ... X Gg,.

Thus we have Cg, () = [TiL1(Gs; X Ga,1)-
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Theorem 88. Let ¢ be a periodic element of Gy1. If ¢ is in quasi-normal form with
respect to the basis Y with 1 having one cycle of length s; on the basis Y fori =1,...,n,
then

n

Ce,, () = [ 1(Gs; % Ga1)

i=1

where the Gg,’s are defined above.
Proof. Follows from the previous work in this section. O

By definition of the kernel of the map ¥, we can see that the G;,’s are infi-
nite groups of s; periodic elements. We would like to know if they are finitely
generated.
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