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1. Introduction

In 1974 Graham Higman [9] constructed an infinite series of groups Gn,r (for n ≥ 2
and r ∈ N) such that all the groups Gn,r were finitely presented infinite groups
and each Gn,r was either simple (for n even) or contained a normal subgroup
which was simple (for n odd).

The construction Higman used was based on a report of F. Galvin and R.
Thompson [unpublished] on the work of B. Jónsson and A. Tarski [10]. There,
Thompson observed that the automorphism group of the Jónsson-Tarski algebra
of type 〈2, 1, 1〉 was isomorphic to V, that is G2,1 in Higman’s notation.

Bleak et al. [3] have described the structure of the centralizers for elements
of G2,1 using the dynamical information gained from the groups action on the
Cantor set and the definitions and lemmas of Brin [5] on revealing tree pairs. In
the present article, we only use the techniques originally described by Graham
Higman in [9] to present an alternative approach to describe the structure of the
centralizers for elements of G2,1 in a hope to renew interest in this point of view
of Thompson’s groups. For a review of the concepts of finite presentability and
simplicity of G2,1, the survey article of Cannon, Floyd and Parry [6] is still the
preferred text.

We will now describe some useful background material for the work in [9],
which can be found in [12, Chapter 1, §1.3] . This material is standard in the field
of Universal Algebra (a good general reference for this material is [7]).
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Given a set S, we say a mapping such that f : Sn → S is an n-ary algebraic
operation on S.

Definition 1. We define an algebraic system A = (S, fi : i ∈ I) to consist of a set
S together with a set of mappings { fi : i ∈ I} such that each fi is an ni-ary algebraic
operation on S for some ni ∈N. We call 〈ni : i ∈ I〉 the signature of A.

Homomorphisms of algebraic systems are mappings that preserve all oper-
ations. Thus, as a bijective homomorphism is an isomorphism then we see that
an isomorphism of an algebraic system onto itself is an automorphism of the
algebraic system.

Definition 2. Let A = (S, fi : i ∈ I) be an algebraic system. We say that the set X ⊆ A
generates A if every element of S can be constructed from the set X by application of the
algebraic operations fi for i ∈ I.

We say that a set X ⊆ A is a set of free generators for the algebraic system A
if X generates A (written A = 〈X〉) and if for X = {xj|j ∈ J} any elements yj,
j ∈ J, in any algebraic system B of the same signature the mapping defined by
xj 7→ yj extends to a homomorphism of A to B. This homomorphism is unique
since A = 〈X〉. We then say that A is free on the free set of generators X.

A free system A can be constructed as the set of all formal expressions in the
xj’s under arbitrarily repeated applications of the ni-ary operations fi.

Definition 3. A variety V is the class of all algebraic systems of a fixed signature defined
by a given set of laws that are expressions in the operations of the algebraic systems.

Example 4. The class of all groups is the variety defined by the group laws.

2. V2,1 as an Algebra of Standard forms

We shall define G2,1 as the group of all automorphisms of an algebraic system
V2,1, which is a free object in the variety V2 with signature 〈2, 1, 1〉 as defined by
Graham Higman in [9].

An element of V2 consists of a set S, equipped with a pair of unary operations
α1 : S → S and α2 : S → S , and a binary operation λ : S × S → S where the
following rules are satisfied

((a)α1, (a)α2)λ = a and ((a1, a2)λ)αi = ai (1)

for i = 1, 2 and for any a1, a2, a ∈ S.
In order to be able to work with the algebraic structure V2,1, we define the set

S in the following way.

Remark 5. We remind the reader that we write 〈A〉 to denote the free monoid
generated by α1, α2.

Definition 6. The set S of strings in standard form is defined as the smallest set of
strings over the alphabet {x, α1, α2, λ} satisfying:
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• x ∈ S,
• xΓ ∈ S for Γ ∈ 〈A〉,
• if w1, w2 ∈ S and there is no u ∈ S with wi = uαi for i = 1, 2 then w1w2λ ∈ S.

We define unary operations α1, α2 and a binary operation λ on the set S of standard forms
by:

• for Γ ∈ 〈A〉, (xΓ)αi = xΓαi,
• for w1, w2 ∈ S, if there exists u ∈ S such that wi = uαi for i = 1, 2 then

(uα1, uα2)λ = u otherwise (w1, w2)λ = w1w2λ,
• ((w1, w2)λ)αi = wi.

Graham Higman in [9, Lemma 2.1] proved that the algebraic structure (S,
α1, α2, λ) we have now defined on S is a free object in V2 called V2,1 and is freely
genearted by the singleton set {x}, which we will now denote x. We shall use this
representation of V2,1.

[9, Chapter 2] contains more information on the algebraic system V2,1, in fact it
contains information on the more general algebraic systems Vn,r (which is freely
generated by the set X of size r). For the purposes of this article, we only state the
results and some of the proofs from [9] that will be essential in understanding the
algebraic system V2,1.

We start, as Higman did, by creating a subalgebra of V2,1 whose elements
contain no λs.

Definition 7. We define the number of λ involved in an element of V2,1 to be the number
of λ that are in the standard form for that element.

Definition 8. For a subset X of an algebra V2,1 and A = {α1, α2} we shall write X〈A〉
for the A-subalgebra of V2,1 generated by elements of X under the application of αi for
i = 1, 2, and X〈λ〉 for the λ-subalgebra generated by elements of X under the application
of λ.

Lemma 9. [9, Lemma 2.2] If a set X generates the algebra V2,1 in V2 then V2,1 =
X〈A〉〈λ〉. Also, for each y ∈ V2,1, the set y〈A〉 \ X〈A〉 is finite.

Proof. [9, Lemma 2.2] First, it is sufficient to consider V2,1 free on X. Then V2,1 is
isomorphic to the algebra of standard forms on X by [9, Lemma 2.1]. So the first
part holds by the definition of standard forms, Definition 6. For the last part, it is
noted that if y ∈ V2,1 and the number of λ involved in y (in standard form) is m,
then we have yαi1 ...αir ∈ X〈A〉 whenever r ≥ m. That is, if the words yαi1 ...αir are
sufficiently long the element is pushed into the subalgebra X〈A〉. Hence, the only
elements of the set difference y〈A〉 \ X〈A〉 are those of the form yαi1 ...αir with
r < m, and there are clearly only finitely many in number.

Lemma 10. [9, Lemma 2.3 (i),(ii)] Suppose that X is a free generating set for V2,1 and
that y, y1, y2 are distinct elements of X. Then
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(1) (X \ {y}) ∪ {yα1, yα2}
is also a free generating set. We call this new generating set a single expansion of

X; a finite composition of d single expansions is called a d-fold expansion of X.
(2) (X \ {y1, y2}) ∪ {(y1, y2)λ}

is also a free generating set. This is called a single contraction of X; a finite com-
position of single contractions is called a contraction.

Definition 11. Let Y be a basis of V2,1. We define a proper expansion Ỹ of Y to be a basis
of V2,1 which can be reached by d-fold expansion of Y.

Higman proved that any expansion of X freely generates V2,1 and that any sin-
gle contraction of X freely generates V2,1. We therefore see that x freely generates
the free algebra V2,1.

Definition 12. We call a subset Y of x〈A〉 a (finite free) basis of x〈A〉 if it is a proper
expansion of x i.e. a d-fold expansion of x for some d. The size of the basis Y, denoted |Y|,
is d.

In fact, we can say that any finite free basis for x〈A〉 is also a free basis for the
free algebra V2,1.

Remark 13. We will use X, Y and Z to denote finite free bases for x〈A〉.

Corollary 14. [9, Corollary 1] Any two finite free bases X, Y of the same algebra have a
common expansion Z.

From Corollary 14 we deduce that if we have a finite collection of finite free
bases for the same algebra, Y1, ..., Yn ∈ V2,1, then there is a single common expan-
sion of all of them that is also a free basis.

3. Higman-Thompson group G2,1

Let G2,1 be the automorphism group of the free algebra V2,1, which is freely gener-
ated by x. Let Y, Z be finite free bases of x〈A〉 of size d. Then any map ψ : Y → Z
induces an automorphism of V2,1.

We now look to construct a pair of bases for which we can, sensibly, describe
an element of G2,1.

Lemma 15. [9, Lemma 4.1] If {ψ1, ..., ψk} is a finite subset of G2,1 then there is a unique
minimal basis Y of x〈A〉 such that Yψi ⊆ x〈A〉, for i = 1, ..., k. Any other basis of x〈A〉
with this property is an expansion of Y.

Proof. [9, Lemma 4.1] The proof uses [9, Lemma 2.4]. There is an expansion Y of
x such that

x〈A〉 ∩
k⋂

i=1

(xψ−1
i )〈A〉 = Y〈A〉.



February 2012

An algebraic approach to centralizers and conjugacy problems in the Higman-Thompson group G2,1 5

We have Yψi ⊆ Y〈A〉ψi for i = 1, ..., k which is a subset of (xψ−1
i )〈A〉ψi = x〈A〉.

Therefore Yψi ⊆ x〈A〉, for i = 1, ..., k.
If Z is a basis (that is a d-fold expansion of x〈A〉) with Zψi ⊆ x〈A〉 for i =

1, ..., k then Z ⊆ Y〈A〉, and thus Z is an expansion of Y.

This lemma removes the need to talk about λ for now. We have constructed
a basis Y that gives the image of elements of Y under the action of the automor-
phisms ψi for i = 1, .., k in the A-subalgebra we want to look at, x〈A〉. We can now
start to look at the orbits of elements of Y (and thus elements of Y〈A〉) under the
action of powers of elements of G2,1.

It is worth explicitly writing the following corollary, which follows from the
above lemma.

Corollary 16. Let Y, Z be finite free bases of x〈A〉 of size d. Then, ψ is an automorphism
of the free algebra V2,1 if and only if ψ is a bijective map between Y and Z.

3.1. Higman’s semi-normal form

This section is based on [9, Section 9 ], where Higman picks an element ψ of
G2,1 and constructs a finite basis, Y, making the study of ψ easy (as we can just
examine the elements in Y, which is a finite set).

Remark 17. This method is similar to the method of Matt Brin [5] and Bleak et
al [3], where revealing tree pairs divulge the dynamical information for a given
element of G2,1 acting on the Cantor set.

The method is based on consideration of intersections of the orbits of ψ (an
automorphism of V2,1) with the subalgebra x〈A〉. For any basis Y, such that Yψ ⊆
x〈A〉 (which exists by Lemma 15), we have elements of Y in one of five different
types of orbit under the action of powers of ψ on V2,1. We distinguish between the
different types of orbit depending on the intersection of the orbit of y ∈ Y under
the action of powers of ψ with the subalgebra Y〈A〉. For y ∈ Y, the five different
types are:

(1) Complete infinite orbits. For any y in such an orbit, yψi belongs to Y〈A〉 for all
i ∈ Z, and the elements yψi are all different.

(2) Complete finite orbits. For any y in such a orbit, yψn = y for some positive
integer n, and y, yψ, ..., yψn−1 all belong to Y〈A〉.

(3) Right semi-infinite orbits. For some y in the orbit, yψi belongs to Y〈A〉 for all i ≥
0, but yψ−1 does not. The elements yψi, i ≥ 0, are then, of course, necessarily
all different.

(4) Left semi-infinite orbits. For some y in the orbit, yψ−i belongs to Y〈A〉 for all i ≥
0, but yψ does not. The elements yψ−i, i ≥ 0, are then, of course, necessarily
all different.
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(5) Incomplete orbits. For some y and some non-negative integer n we have
y, yψ, ..., yψn belonging to Y〈A〉 but yψ−1 and yψn+1 do not.

Remark 18. The elements yψ−1 and yψn+1 for y in a type (5) orbit under the
action of ψ must be contained in the finite set x〈A〉 \ Y〈A〉. Otherwise, some
image of y would be an element of V2,1 involving λ’s and therefore y would be
sitting in an orbit of type (3) or (4).

We can now look at what this means for a basis Y and an element ψ ∈ G2,1 in
terms of the different types of orbits.

Lemma 19. [9, Lemma 9.1] There are only finitely many orbits of types (3), (4) and (5)
intersecting Y〈A〉 and there are as many of type (3) as of type (4) under the action of ψ.

Definition 20. [9, Section 9] An element ψ of G2,1 is in semi-normal form with respect
to the basis Y if Y intersects no incomplete orbits for ψ i.e. no elements of Y are in orbits
of type (5).

We can now define a basis for which ψ ∈ G2,1 is in semi-normal form.

Lemma 21. [9, Lemma 9.2] For an element ψ of G2,1 there exists a basis with respect to
which ψ is in semi-normal form.

This then leads to an examination of the orbits of elements yΓ where y ∈ Y
and Γ ∈ 〈A〉 under the action of powers ψ, where ψ is given in semi-normal form
with respect to Y.

Lemma 22. [9, Lemma 9.3]
Let ψ ∈ G2,1 be in semi-normal form with respect to the basis Y. Suppose that y ∈ Y,

then one of the following holds,
(A) if some yΓ is in a complete finite orbit then y itself belongs to a complete finite orbit
which consists of elements of Y. In this case we say y is of type (A).
(B) there exists a non-trivial Γ ∈ 〈A〉 and n 6= 0 such that yψn = yΓ. If n > 0 then
the orbit containing y is right semi-infinite, if n < 0 then the orbit containing y is left
semi-infinite. In this case we say y is of type (B).
(C) if y ∈ Y, is not of type (A) nor (B) above, then there exists some z ∈ Y and non-
trivial ∆ ∈ 〈A〉 such that yψi = z∆, where z is of type (B). Then the orbit containing y
is infinite. In this case we say y is of type (C).

Thus, this lemma tells us that for ψ given in semi-normal form with respect to
the basis Y:

• y ∈ Y is in a finite orbit of ψ if and only if for all Γ ∈ 〈A〉, the element yΓ is in
a finite orbit of ψ in Y〈A〉 if and only if y is of type (A);
• y ∈ Y is in a semi-infinite orbit if and only if there exists some n ∈ Z such that

yψn = yΓ for Γ ∈ 〈A〉 (with the sign of n determining the type of semi-infinite
orbit y is in) if and only if y is of type (B).
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We will often refer to elements of type (A), (B) and (C). We now introduce a
modified definition from [9, Section 9].

Definition 23. Let u ∈ V2,1, Γ ∈ 〈A〉 and m ∈ Z. We call u a characteristic element
for ψm and Γ a characteristic multiplier if uψm = uΓ.The element and the multiplier
are proper if Γ is non-trivial.

We end this subsection with a result that allows us to determine if an element
of G2,1 is of infinite order.

Theorem 24. [9, Theorem 9.4] An element ψ of G2,1 (given in semi-normal form with re-
spect to Y) is of infinite order if and only if for some m 6= 0, ψm has a proper characteristic
element i.e. yψm = yΓ for y ∈ Y and non-trivial Γ ∈ 〈A〉.

Proof. [9, Theorem 9.4] Let ψ be in semi-normal form with respect to the basis
Y. If u is a characteristic element for ψm with multiplier Γ then uψmj = uΓj for
j ∈N. When Γ is a proper multiplier, the elements uΓj are all different as soon as
j is large enough to belong to Y〈A〉, so that ψ has infinite order.

Conversely, if no ψm has a proper characteristic element then Y has no ele-
ments of type (B) nor type (C). Thus all elements of Y are of type (A) as ψ is in
semi-normal form with respect to the basis Y. Whence ψ is a permutation of Y
and thus has finite order.

3.2. Quasi-normal forms

A stronger definition than semi-normal form was introduced in [9, Section 9].

Definition 25. [9, Section 9] An element ψ of G2,1 is in quasi-normal form with respect
to the basis Y if it is in semi-normal form with respect to Y, but not with respect to any
proper contraction of Y.

We can now look at the orbits of elements u, v ∈ Y〈A〉 under the action of
powers of ψ.

Lemma 26. [9, Lemma 9.6] If ψ is in quasi-normal form with respect to Y, and if v =
uψm, m > 0 and u, v ∈ Y〈A〉 then uψi belongs to Y〈A〉 for i = 1, ..., m− 1.

Lemma 27. [9, Lemma 9.7] Given an element ψ ∈ G2,1, (i) we can construct a unique
basis with respect to which ψ is in quasi-normal form and (ii) for u, v ∈ V2,1 we can
tell whether u, v are in the same orbit of ψ, and if so, what are the integers m for which
uψm = v.

Thus, for all ψ ∈ G2,1 we can do the following:

(1) put ψ in quasi-normal form with respect to a basis Y,
(2) for any u, v ∈ V2,1 we can determine if u, v are in the same orbit of ψ and

determine which integers m give v = uψm if they are in the same orbit,
(3) if m > 0 we have uψi ∈ Y〈A〉 for all i = 1, ...m− 1.
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4. Higman’s ψ-admissible subalgebras VP and VRI

Given ψ ∈ G2,1, we define VP,ψ to be the set of v ∈ V2,1 such that v is in a finite
orbit under the action of ψ and VRI,ψ to be the set of v ∈ V2,1 such that v is in an
infinite or semi-infinite orbit under the action of ψ . Where there is no ambiguity,
we will write VP for VP,ψ and VRI for VRI,ψ. From [9, Theorem 9.5] (which we state
below) we see that VP,ψ and VRI,ψ are subalgebras invariant under the action of
the automorphism ψ and V2,1 is a free product of the subalgebras VP,ψ and VRI,ψ.
That is, V2,1 can be seen as the coproduct of the sub-algebras VRI and VP in the
category of free algebras We will refer to VP as the periodic subalgebra and VRI
as the regular infinite subalgebra.

Theorem 28. [9, Theorem 9.5] The finitely generated free algebra V2,1 is a free product
of the ψ-admissible subalgebras VP and VRI . If ψP = ψ|VP and ψRI = ψ|VRI then for two
automorphisms ψ and ϕ, ψ is conjugated to ϕ by g ∈ G2,1 if and only if ψP is conjugated
to ϕP by a map g(P) and ψRI is conjugate to ϕRI by a map g(RI), where g is given by the
composition of maps g(P), g(RI).

The second statement in Theorem 28 is used to analyze not only when two
elements are conjugate in G2,1 (the automorphism group of V2,1) but also in the
study of centralizers for elements of G2,1. Theorem 28 allows us to consider the
torsion and regular infinite part of an element of G2,1 separately. Hence, we con-
sider the elements that centralize the torsion part and the regular infinite part of
an element separately.

Definition 29. Let ψ be in semi-normal form with respect to a finite basis Y. Then ψ is
a regular infinite element of G2,1 with respect to Y if there exists no y ∈ Y in a finite
orbit.

Definition 30. Let ψ be an element of G2,1 in semi-normal form with respect to the
basis Y. Then ψ is a periodic element of G2,1 with respect to Y if for all y ∈ Y, y is in a
complete finite orbit.

5. Conjugacy problems

The conjugacy problem is a classic decision problem, first outlined by Dehn over
100 years ago. It asks,

Problem 31. Does there exists a algorithm to decide whether, upon input of the
elements ψ, ϕ ∈ G there exists an element g ∈ G such that g−1ψg = ϕ?

We can then look at this problem in two ways. Does there exists an algorithm
which gives the answer "yes" if ψ is conjugate to ϕ and "no" if not? If the answer
is "yes", can you find a conjugator g? A solution to either the first question or both
questions gives a rich source of information about the group in question.
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Further, if the answer is "yes", then there are several other conjugacy based
decision problems one can ask about a group G. For example the simultaneous
and power-conjugacy problems.

5.1. The conjugacy problem

The conjugacy problem in Richard Thompson’s groups F, T and V is solvable
diagrammatically. This method was described by Francesco Matucci [15] using a
variation on the methods first used to solve the conjugacy problem for F by Guba
and Sapir for diagram groups [8].

The diagrammatic solution to the conjugacy problem is a beautiful unified
solution for F, T and V. An effective solution for the simultaneous conjugacy
problem for F has been shown by Matucci in [15] and there also exists an effective
solution for simultaneous conjugacy problem for T in [15], but it has not been
explicitly written.

The conjugacy problem for Thompson’s group V was originally solved by
Higman in [9, Theorem 9.3], that is using combinatorial methods to provide a so-
lution for the groups Gn,r for n ≥ 2, r ≥ 1. Salazar-Diaz [19] then used techniques
introduced by Brin [5] to provide another solution using revealing pairs tree pairs.

We shall now present a deconstructed solution to the conjugacy problem for
the group G2,1. The work is based on the proof of [9, Theorem 9.3].

Let ψ and ϕ be automorphisms of V2,1 in quasi-normal form with respect to
the bases X and Y respectively. We will want to refer to the algebra V2,1 freely gen-
erated by the basis X and freely generated by the basis Y, therefore we will refer
to X〈A〉〈λ〉 and Y〈A〉〈λ〉 as such algebras (instead of writing V2,1). By Theorem
28, ψ is conjugate to ϕ if and only if ψP is conjugate to ϕP and ψRI is conjugate to
ϕRI .

We can thus deconstruct the proof of the conjugacy problem into two parts.
We start with those elements that have VRI,ψ = VRI,φ = ∅.

Definition 32. Let ψ be a torsion element of G2,1 in semi-normal form with respect to
the basis Y. We define the cycle type of ψ to be the sequence of lengths of finite orbits on
Y under the action of ψ.

Definition 33. Let Y be a basis for V2,1. We define ed(Y) to be the uniform d-fold
expansion of Y.

Proposition 34. Let ψ and ϕ be torsion elements of G2,1 in semi-normal form with
respect to the bases X and Y. Then, ψ is conjugate to ϕ if and only if ψ and ϕ have the
same cycle type.

Proof. If ψ and ϕ have the same cycle type for the ψ-orbits and ϕ-orbits then we
can construct a map that extends to an element of G2,1 conjugating ψ to ϕ, see
Lemma 82 for more details. That is, the number of orbits of length i is either zero
or non-zero for both ψ and ϕ.
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If ψ is conjugate to ϕ, we can construct a map from either X → ed(Y) (if
|Y| < |X|) or ed(X) → Y (if |X| < |Y|). Then, as our map needs to preserve the
orbits on X and on Y, if there is an orbit of size n on X under the action of ψ there
needs to be at least one orbit of size n on the basis Y under the action of ϕ. Thus,
ψ and ϕ must have the same cycle type.

We now look at regular infinite elements of the group G2,1 i.e. VP,ψ = VP,φ = ∅.

Definition 35. Let ψ be a regular infinite element of G2,1 in semi-normal form with
respect to X. For all elements x ∈ X of type (B), we find the corresponding mx ∈ Z and
Γx ∈ 〈A〉 (characteristic multiplier) such that xψmx = xΓx.

The set

Mψ = {(mx, Γx)|x ∈ X, is an element of type (B))}
of pairs is called the set of characteristic multipliers and powers for ψ.

Definition 36. Let ψ be a regular infinite element in quasi-normal form with respect to
X. The equivalence relation on the elements of X, ≡, is defined to be the least equivalence
relation such that x ≡ x′ whenever some xΓ and x′∆ are in the same orbit of ψ, for
Γ, ∆ ∈ 〈A〉.

Lemma 37. Suppose that ψ and ϕ are conjugate regular infinite elements of G2,1. Then
the set of characteristic multipliers and powersMψ,Mϕ for ψ and ϕ coincide.

Proof. Let X, Y be bases such that ψ, ϕ are in semi-normal form with respect to
them. For the basis X we can look at the equivalence relation, as in Definition 36,
on the elements for this basis.

For each equivalence class Xj we pick an element x in Xj of type (B) (see
Lemma 22). Then, x is a proper characteristic element by Definition 23 of a proper
power mx of ψ with some multiplier Γx i.e. xψmx = xΓx. If an isomorphism ρ exists
(i.e. ψ is conjugated to ϕ by ρ) then xρ will be a characteristic element of ϕmx with
multiplier Γx. Thus, xρ must, by Lemma 22, belong to a semi-infinite orbit of ϕ. (
If no orbit of appropriate characteristic exists, ρ did not exist.)

Therefore, we can look at each semi-infinite orbit and see whether or not its
elements are characteristic elements with the “right” multiplier (if one is, they all
by the definition of semi-infinite orbit).

Hence, the set of characteristic multipliers for ψ and ϕ coincide.

We now have two lemmas which will be useful for the remainder of the sub-
section.

Lemma 38. Suppose ψ is a regular infinite element of G2,1 in semi-normal form with
respect to X and Xψ = Z.

If X = än
i=1 Xi and Z = äm

i=1 Zi, where the Xi and Zi are the equivalence classes
defined on X and Z (see Definition 36) under the action of ψ respectively, then n = m
and ψ maps the equivalence classes on X to the equivalence classes on Z bijectively.
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Proof. By definition of the equivalence relation, for xi, xj ∈ X, xi ≡ xj if and only
if xiΓψk = xj∆ for Γ, ∆ ∈ 〈A〉. Thus, for xiψ = zi and xjψ = zj we have

xiΓψkψ = xiψΓψk = ziΓψk and xj∆ψ = xjψ∆ = zj∆.

Hence, zi ≡ zj and it follows that the number of equivalence classes for X under
ψ must equal the number of equivalence classes for Z under ψ, as ψ is a bijection
between X and Z.

Furthermore, by the above algebra, ψ must induce a bijection between the
equivalence classes defined on X and Z under the action of ψ.

Lemma 39. Let ψ be as in Lemma 38. Suppose that θ1, ..., θn are maps such that each
θi is defined to be the map that maps the equivalence class Xi to the equivalence class Zi
(induced by ψ) and, for all other x ∈ X \ Xi, x 7→ x, for each i = 1, ..., n.

Then, each θi can be extended to an element of G2,1 such that θi commutes with ψ and
for all j 6= i, θi commutes with θj.

Proof. By Lemma 38, ψ maps Xi to Zi for each equivalence class Xi and Zi on X
and Z respectively.

The action of 〈ψ〉 on X〈A〉 splits X〈A〉 into a disjoint union of subsets Xi〈A〉
of X〈A〉 i.e. X = än

i=1 Xi.
For each equivalence class Xi of X, it is clear (by the definition of the equiv-

alence relation ≡) that for all xi ∈ Xi, xi ∈ Xi. Thus, we can define each map θi
by

xθi =
{

xψ if x ∈ Xi,
x if x ∈ Xj for i 6= j.

Thus, Xiψ = Zi (for some similar splitting of Z〈A〉 under the action of 〈ψ〉) where
the elements of Zi come from the equivalence class Zi for each i. Hence, each θi
is a bijective map from X to (X \ Xi) ∪ Zi.

If (X \Xi)∪Zi is not a basis for each map θi, then for some xi ∈ Xi and xj 6∈ Xi

for j 6= i, xiψ
k = zi = xjΓ. However, this would imply that xj ≡ xi and xj ∈ Xi, a

contraction.
Therefore, each θi is an element of G2,1 and it is clear (by definition of each

θi’s) that θiψ = ψθi and for all j 6= i, θiθj = θjθi.

Remark 40. We note that, if ψ and ϕ are conjugate by a conjugator ρ and θ com-
mutes with ψ, then θρ is also a conjugator.

For the next two lemmas we assume that ψ, ϕ are regular infinite element of
G2,1, in semi-normal form with respect to X and Y respectively.

Lemma 41. If ψ, ϕ are conjugate, then there exists a conjugator ρ such that for each
equivalence class Xi defined on X under the action of ψ (see Definition 36), there exists
an element xi of type (B) in Xi such that xiρ is an element yi of type (B) in Y for ϕ.
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Proof. Since ψ and ϕ are conjugate, by Lemma 37 the set of characteristic multi-
pliers for ψ and ϕ coincide. Let xi be chosen element of type (B) in Xi. Let ρ be
any conjugator, then for some initial or terminal element yi in Y (with the same
characteristic multiplier as xi) of a semi-infinite orbit and some ji ∈ Z we have

xiρ = yi ϕ
ji .

Thus, as ρ is a conjugator, we can rewrite this as,

xiρϕ−ji = xiψ
−ji ρ = yi.

For each equivalence class Xi, we define each θi as in Lemma 39 and ρ by

ρ′ = (
n

∏
i=1

θ
−ji
i )ρ,

which is an element of G2,1 which conjugates ψ to ϕ by definition (since ∏n
i=1 θ

−ji
i

commutes with ψ).
We check, for each chosen xi ∈ Xi,

xiρ
′ = xi(

n

∏
i=1

θ
−ji
i )ρ = xiθ

−ji
i ρ = xiψ

−ji ρ = yi.

Lemma 42. Suppose ψ, ϕ are conjugate and assume that ρ is as in Lemma 41.
Then there exists a finite set Y ′k of elements y′ of Y such that for all other type (B)

elements x′ in each equivalence class X , x′ρ = y′ϕl for l ∈ Z. Furthermore, one can
determine l uniquely and hence there are only a finite number of possibilities for the image
of each x′ under ρ.

Proof. We will look at each equivalence class Xi separately. Thus, without loss of
generality, choose x to be an element of type (B) in X such that xρ = y, y ∈ Y and
element of type (B).

Suppose that xΓ and x′∆ are in the same orbit (i.e. x, x′ ∈ X ), then x′∆ = xΓψk

and so x′ is also of type (B).
Since, by Proposition 37, the set of characteristic multipliers for ψ and ϕ coin-

cide and the number of elements of type (B) in X and Y under the action of ψ and
ϕ respectively is finite, if ρ0 extends to a conjugator ρ then there is a finite set Y ′k
of elements y′ for each of which x′ρ = y′ϕl for some l.

Given that ρ is an isomorphism and knowing xρ is an element y ∈ Yk and
y′ ∈ Y ′k such that x′ρ = y′ϕl then we can determine l uniquely. If x′ρ = y′ϕl ,
x′∆ = (xΓ)ψk and ψρ = ρϕ we have,

(y′∆)ϕl = (x′∆)ρ = (xΓ)ψkρ = (xρ)Γϕk.

Thus, y′∆ and (xρ)Γ are in the same orbit of ϕ, as ϕ is regular infinite element
and Y〈A〉 decomposes into a disjoint union of infinite orbits under ϕ.

Thus, if y′∆ and (xρ)Γ are in the same orbit there will be a unique l such that

y′∆ϕl = (xρ)Γϕk,



February 2012

An algebraic approach to centralizers and conjugacy problems in the Higman-Thompson group G2,1 13

by Lemma 27 (ii). Thus we can find a unique l so that x′ρ = y′ϕl . Hence (as ρ is
an isomorphism and xρ is a specified element of Yk) Y ′k is thus a finite set and
thus there are only a finite number of possibilities for x′ρ.

We can test whether, in fact, there are any possibilities for x′ρ by using Lemma
27 (ii) to see for each y′ ∈ Y ′k if y′∆ and (xρ)Γ are in the same orbit of ϕ.

Given that ρ is an isomorphism and xρ is in Yk (a finite set), then there are
only finitely many x′ of type (B) in X satisfying the above conditions. Thus the
number of possibilities for x′ under ρ is finite.

We finish this section constructing a finite set of maps, R(ψ; ϕ), whose el-
ements can be checked if they extend to an element of the group G2,1 which
conjugates ψ to ϕ.

Proposition 43. Let ψ and ϕ be regular infinite elements of G2,1 in semi-normal form
with respect to X and Y.

If the set of characteristic multipliers for ψ and ϕ coincide, then there exists a finite
set R(ψ; ϕ) of maps from X into Y〈A〉〈λ〉 such that if ψ is conjugate to ϕ then there is a
conjugator ρ (which we can consider as an isomorphism from X〈A〉〈λ〉 to Y〈A〉〈λ〉) for
which the restriction ρ|X = ρ0 is one of the maps in the finite set R(ψ; ϕ).

Proof. We shall show how to construct the finite set R(ψ; ϕ) of maps ρ0 of X into
Y〈A〉〈λ〉 such that if ψ is conjugated to ϕ then, for some ρ0 in R(ψ; ϕ), there is an
isomorphism

ρ : X〈A〉〈λ〉 → Y〈A〉〈λ〉

such that

ρ|X = ρ0 and ϕ = ρ−1ψρ.

We can clearly test for a given ρ0 if it uniquely extends to an isomorphism between
the algebras X〈A〉〈λ〉, Y〈A〉〈λ〉 such that ϕ = ρ−1ψρ.

Since we have assumed that the set of characteristic multipliers for ψ and ϕ

coincide, by Lemma 41 there exists a conjugator ρ such that for each equivalence
class X defined on X under the action of ψ (see Definition 36), there exists an
element x ∈ X such that xρ is an element y of type (B) in Y for ϕ.

We define ρ0 to be the map which maps the selected x ∈ X to the selected
y ∈ Y. There are only finitely many initial choices of x ∈ X and the image xρ in
Y as the number of elements of type (B) in X and Y is finite.

Next, we wish to show that if x′ is another element of type (B) in Xj then there
are only finitely many possibilities for x′ρ0.

This is accomplished by Lemma 42. Which states that there exists a finite set
Y ′k of elements y′ of Y such that for all other type (B) elements x′i ∈ Xi, x′ρ = y′ϕl

for some uniquely determined l ∈ Z. Hence, there is only a finite number of
possibilities of each x′i under ρ.
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Hence, we define ρ0 to be the map which maps the selected x′ ∈ X to the
selected x′ρ. There are only finitely many choices of type (B) elements x′ in X
and only finitely many choices for the image x′ρ in Y〈A〉〈λ〉 as the number of
elements of type (B) in X and Y is finite. Thus, there are only finitely many maps
ρ0 which can be defined with the above properties.

Note that in using the transitivity of ≡ to show that x ≡ x′ where both x and
x′ are of type (B), we need not go through an element of type (C). For if z is of
type (C), then by Lemma 22 there is a z1Γz1 in the orbit of z for some z1 of type
(B), and any orbit containing some z∆z contains also z1Γz1 ∆z. Finally, if z ≡ x
and z is of type (C) then z = z1Γz1 ψk for some z1 of type (B), Γz1 and k, with zρ

determined once (z1ρ)Γz1 ψk is chosen.
Since X is finite, there are a finite number of equivalence classes. Repeating the

above argument for each j, we see that we have constructed a finite set R(ψ; ϕ) of
maps, ρ0 between X and Y〈A〉〈λ〉.

We thus have the following consequence of the above propositions.

Corollary 44. [9, part of Theorem 9.3] The conjugacy problem is soluble in G2,1.

5.2. The simultaneous conjugacy problem for regular infinite elements

We can now extend part of the solution of the conjugacy problem to the simulta-
neous conjugacy problem for the group G2,1.

A group G has soluble simultaneous conjugacy problem if there exists an
algorithm such that given any two k-tuples of elements in G,

y = (y1, ..., yk) and z = (z1, ..., zk),

we can determine whether there exists g ∈ G such that,

g−1yig = zi for i = 1, ..., k.

We write g−1yg = z and say that the k-tuple y is simultaneously conjugate to the
k-tuple z.

Definition 45. A k-tuple of regular infinite elements in G2,1, ψ = (ψ1, ..., ψk), is said
to be in tuple-quasi-normal form with respect to the basis X if each element ψi is in semi-
normal form with respect to X but some elements ψi would not be in semi-normal form
with respect to any proper contraction of X.

The solution of the simultaneous conjugacy problem for regular infinite el-
ements is similar to the single conjugacy problem for regular infinite elements.
However, we first need to construct a "special" basis for the second k-tuple
ϕ = (ϕ1, ..., ϕk).

The following lemmas (46 to 53) outline the construction of the "special" basis,
which is then defined in Proposition 55.
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The first lemmas (and corollaries) are about solving special types of equations
in the free algebra V2,1.

Lemma 46. Let ϕ1 and ϕ2 be regular infinite elements of G2,1 in semi-normal form with
respect to the basis Y. Let y1, y2 be elements of Y which are either initial or terminal
elements in semi-infinite orbits with respect to ϕ1 and ϕ2 respectively and ∆1, ∆2 ∈ 〈A〉.

If the orbits y1∆1〈ϕ1〉 and y2∆2〈ϕ2〉 intersect, then we can determine precisely where
they intersect in x〈A〉.

Proof. Given that y1 and y2 are either initial or terminal elements in semi-infinite
orbits with respect to ϕ1 and ϕ2 they are type (B) elements in Y for ϕ1 and ϕ2
respectively. Therefore, we have y1 ϕm1

1 = y1Γ1 and y2 ϕm2
2 = y2Γ2 for Γ1, Γ2 ∈ 〈A〉.

If y1∆ϕa1
1 = y2∆ϕa2

2 we would like to be able to determine possibilities for a1 and
a2.

We first look at the orbit of y1 and y2 under ϕ1 and ϕ2 respectively. We may
assume (without loss of generality) that we are looking at two right semi-infinite
orbits,

..., y1 ϕ−1
1 , y1, y1 ϕ1, y1 ϕ2

1, ..., y1 ϕm1
1 = y1Γ1, y1Γ1 ϕ1, y1Γ1 ϕ2

1, ... (18)

and

..., y2 ϕ−1
2 , y2, y2 ϕ2, y2 ϕ2

2, ..., y2 ϕm1
2 = y2Γ2, y2Γ2 ϕ2, y2Γ2 ϕ2

2, ... . (19)

We can rename part of Sequence (18),

..., y1,−1, y1 = y1,0, y1,1, y1,2, ..., y1,m1−1, y1,0Γ1, y1,1Γ1, y1,2Γ1, ... (20)

and Sequence (19),

..., y2,−1, y2 = y2,0, y2,1, y2,2, ..., y2,m2−1, y2,0Γ2, y2,1Γ2, y2,2Γ2, ... . (21)

Since y1 and y2 are initial elements in a semi-infinite orbit in Y〈A〉 under the
action of ϕ1 and ϕ2 respectively, we see that y1,0, ..., y1,m1−1, y2,0, ..., y2,m2−1 ∈ Y.
Therefore, if y1 ϕa1

1 = y2 ϕa2
2 (∆1, ∆2 are trivial) then, firstly, Γn1

1 = Γn2
2 for n1, n2 ∈

N, gcd(n1, n2) = 1 and, secondly,

y1 ϕa1
1 = y1,iΓ

n1
1 and y2 ϕa2

2 = y2,jΓ
n2
2 ,

Since the equation Γn1
1 = Γn2

2 can be solved for n1, n2 ∈ N, gcd(n1, n2) = 1 we
can determine the precise location in x〈A〉 where the orbits of y1 and y2 intersects.
If the orbits intersect once, they intersect infinitely many times (as ΓKn1

1 = ΓKn2
2

for K ∈N).
If y1∆1 ϕa1

1 = y2∆2 ϕa2
2 (for non-trivial ∆1, ∆2) then, since ϕ1, ϕ2 are auto-

morphisms, y1 ϕa1
1 ∆1 = y2 ϕa2

2 ∆2. This implies, firstly, that Γn1
1 ∆1 = Γn2

2 ∆2 for
n1, n2 ∈N and, secondly,

y1 ϕa1
1 = y1,iΓ

n1
1 and y2 ϕa2

2 = y2,jΓ
n2
2 ,

where a1 = i + m1n1 and a2 = j + m2n2, implies y1,i = y2,j.
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Since the equation Γn1
1 ∆1 = Γn2

2 ∆2 can be solved for n1, n2 ∈ N, we can de-
termine the precise location in x〈A〉 where the orbits y1∆1〈ϕ1〉 and y2∆2〈ϕ2〉
intersect.

Let y3 be a terminal element of a left semi-infinite orbit under ϕ2 respectively,
then

..., y3 ϕ2, y3, y3 ϕ−1
2 , y3 ϕ−2

2 , ..., y3 ϕ−m1
2 = y3Γ3, y3Γ3 ϕ−1

2 , y3Γ3 ϕ−2
2 , ... . (24)

We can rename part of Sequence (24),

..., y3,−1, y3 = y3,0, y3,1, y3,2, ..., y3,m1−1, y3,0Γ3, y3,1Γ3, y3,2Γ3, ... . (25)

We can, therefore, follow the same procedure as above to determine the precise
intersection of the orbits y1∆1〈ϕ1〉 and y3∆2〈ϕ2〉.

We can form a corollary to the above lemma. Let ∆i ∈ 〈A〉 (possibly trivial) for
i = 1, ..., k and y1, .., yk elements of Y which are either initial or terminal elements
in semi-infinite orbits for ϕ1, ..., ϕk.

Corollary 47. If the orbits y1∆1〈ϕ1〉, ..., yk∆k〈ϕk〉 intersect then we can determine
precisely where they intersect in x〈A〉.

By the above result, it is natural to give a name to the points in x〈A〉 where
the orbits y1∆1〈ϕ1〉, ..., yk∆k〈ϕk〉 (for possibly trivial ∆i ∈ 〈A〉) intersect.

Definition 48. Let y1, .., yk be elements of Y which are either initial or terminal elements
in semi-infinite orbits for ϕ1, ..., ϕk. If the orbits y1∆1〈ϕ1〉, ..., yk∆k〈ϕk〉 intersect, then
we call this set the intersection set and the elements of this set intersection points.

For the next two lemmas, we assume that the k-tuples ψ = (ψ1, ..., ψk) and
ϕ = (ϕ1, ..., ϕk) of regular infinite elements of G2,1 are pairwise conjugate (i.e. ψi
is conjugate to ϕi for all i) and in tuple-quasi-normal form with respect to X and
Y respectively.

Let Xj,i be the equivalence classes of elements of X defined by the action of ψi
for i = 1, ..., k.

Lemma 49. Let ψ and ϕ be simultaneously conjugate by some conjugator ρ. For fixed i
and j, suppose that xj,i in Xj,i is an element of type (B) for ψi and yj,i in Y is an initial
or terminal element in a semi-infinite orbit under the action of ϕi such that xj,iρ is in the
orbit yj,i〈ϕi〉.

Then, for each (ψs, ϕs) pair (s 6= i),

(1) either xj,i is an element of type (B) for ψs and there exists y′ in Y an initial or terminal
element in a semi-infinite orbit under the action of ϕs such that the intersection set
I(i, j, s) = yj,i〈ϕi〉 ∩ y′〈ϕs〉 6= ∅;

(2) or xj,i is an element of type (C) for ψs and there exists Γ ∈ 〈A〉 and y′ in Y an
initial or terminal element in a semi-infinite orbit under the action of ϕs such that the
intersection set I(i, j, s) = yj,i〈ϕi〉 ∩ y′Γ〈ϕs〉 6= ∅.
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Proof. Since xj,iρ = yj,i ϕ
kj,i
i , and ρ is a simultaneous conjugator, for s 6= i,

(1) if xj,i is an element of type (B) for ψs, we know that for some initial or terminal
element y′ in Y of a semi-infinite orbit for ϕs,

xj,iρ = y′ϕk
s .

Thus, as ρ is a simultaneous conjugator,

y′ϕk
s = yj,i ϕ

kj,i
i ,

for yj,i an initial or terminal element in Y of a semi-infinite orbit for ϕi. Thus,
the orbits of y′〈ϕs〉 and yj,i〈ϕi〉 intersect.

(2) if xj,i is an element of type (C) for ψs, then firstly,

xj,iψ
n
s = x′Γ

for Γ ∈ 〈A〉, minimal n ∈ Z and x′ some element of type (B) in X under the
action of ψs. We know that for some initial or terminal element y′ in Y of a
semi-infinite orbit for ϕs,

x′ρ = y′ϕk
s .

As,

x′Γρ = x′ρΓ = y′ϕk
s Γ,

we have

xj,iψ
n
s ρ = y′Γϕk

s

and (given that ρ is a simultaneous conjugator),

xj,iρ = y′Γϕk
s ϕ−n

s = y′Γϕk−n
s

Thus, as ρ is a simultaneous conjugator,

y′Γϕk−n
s = yj,i ϕ

k
i ,

for yj,i an initial or terminal element in Y of a semi-infinite orbit for ϕi. Thus,
the orbits y′Γ〈ϕs〉 and yj,i〈ϕ1〉 intersect.

Applying Lemma 49 for each i = 1, ..., k and over all equivalence classes Xj,i
defined on X under each ψi, gives rise to the following definition.

Definition 50. We define the set,

I(ψ,ϕ) :=
k⋂

i=1

⋃
j

⋃
s 6=i

I(i, j, s)

of intersection points of the pair of k-tuples ψ and ϕ.
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We can now form the obvious corollary by applying Lemma 49 for each i =
1, ..., k and over all equivalence classes Xj,i defined on X under the action of each
ψi.

Corollary 51. If ψ and ϕ are simultaneously conjugate, then the set I(ψ,ϕ) of intersec-
tion points is non-empty.

We should make some general comments about Corollary 51. Firstly, recall
that the basis X which was used for Lemma 49 was the smallest basis giving all
elements of the k-tuple ψ in semi-normal form (see Definition 45). This is then, in
some sense, the smallest basis that we can define the action of ρ (a simultaneous
conjugator) on.

Definition 52. Let B(X) be the set of all elements x in X, such that x is of type (B) for
some element in ψ.

Secondly, a necessary condition for ρ to be a simultaneous conjugator is that,
for every element xl ∈ B(X) we have that,

xlρ = yl,i1 ϕ
kl,i1
i1

= ... = yl,im ϕ
kl,im
im = y′ ∈ Y〈A〉, (35)

where kl,i1 , .., kl,im ∈ Z and yl,i1 , ..., yl,im elements in Y that are initial or terminal
elements in a semi-infinite orbit for ϕi1 , ..., ϕim . The set of all elements y′ in Y〈A〉
which are found by the intersection of the orbits yl,i1〈ϕi1〉, ..., yl,im〈ϕim〉 will be
called the set of solutions to equation 35 for xl and denoted Yxl (this set could be
infinite). It is clear that Yxl ⊂ I(ψ,ϕ).

We can thus identify subsets of I(ψ,ϕ) (namely the sets Yxl ) with the set B(X).
Specifically, we can identify each xl ∈ B(X) with a set Yxl .

Thirdly, recall that the basis Y which was used for Lemma 49 was the smallest
basis giving all elements of the k-tuple ϕ in semi-normal form (see Definition 45).

If a simultaneous conjugator ρ exists, we can always extend the action of ρ on
the basis X to the action of ρ on an expansion of X, X̃, such that we get a bijection,

ρ : X̃ → Ỹ,

where Ỹ is some expansion of Y. This is achieved by the solution to the single
conjugator problem, once we have chosen where to send the elements x ∈ B(X)
in Y〈A〉.

We will explain how to form the expansion X̃ later. For now, we state some
conditions for the construction of a basis Ỹ. That is, if the construction of Ỹ fails,
then the k-tuples ψ and ϕ are not simultaneously conjugate.

Lemma 53. Suppose for each x ∈ B(X) one chooses some element xρ that is a solution
to equation (35) i.e. xρ ∈ Yx. Then, the set {xρ|x ∈ B(X)} can be completed to a basis
Ỹ in Y〈A〉.
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Proof. We have chosen, for each x ∈ B(X), some element xρ ∈ Yx. Then, the
only obstruction to completing this set {xρ|x ∈ B(X)} of elements (in Y〈A〉, as
xρ ∈ I(ψ,ϕ)) to a basis is if there exists Γ ∈ 〈A〉 such that for x1, x2 ∈ B(X),

x1ρ = x2ρΓ.

However, since ρ (if it exists) is an automorphism of the free algebra V2,1,

x2ρΓ = x2Γρ.

Therefore, x1 = x2Γ. This is a contraction, as the elements of B(X) form are part
of the basis X.

By the definition of left and right semi-infinite orbits (see Section 3.1) of ele-
ments of Ỹ, under the action of ϕi1 , ..., ϕim , we have that the elements y′ defined
above are initial or terminal elements of a semi-infinite orbit under the action of
ϕi1 , ..., ϕim , with respect to the subalgebra Ỹ〈A〉. (There are, obviously, other ele-
ments in Ỹ that are not initial or terminal elements in a semi-infinite orbit, they
will be elements of type (C) for all ϕi.)

We will now form a definition about a special expansion of the basis Y, on
our way to a proof of the simultaneous conjugacy problem for regular infinite
elements of G2,1.

Definition 54. Define Ỹ0 to be the smallest expansion of Y which consists of elements
y′ of I(ψ,ϕ) that are also initial or terminal elements in semi-infinite orbits for some
element of ϕ, with respect to the subalgebra Ỹ0〈A〉.

For the next two results, we will assume that the k-tuples ψ = (ψ1, ..., ψk) and
ϕ = (ϕ1, ..., ϕk) of regular infinite elements of G2,1 are pairwise conjugate (i.e. ψi
is conjugate to ϕi for all i) and in tuple-quasi-normal form with respect to X and
Y respectively.

Also, let Xj,i be the equivalence classes of elements of X defined by the action
of ψi for i = 1, ..., k.

Proposition 55. Suppose ψ and ϕ are simultaneously conjugate. Then, there exits a
conjugator ρ and a computable minimal expansion Ỹ of Y such that, for each chosen type
(B) element xj,i in each equivalence class Xj,i for each ψi,

xj,iρ = yj,i

for yj,i an initial or terminal element in Ỹ in a semi-infinite orbit for some ϕi.
Furthermore, the minimal expansion Ỹ of Y with this property is Ỹ0 from Definition

54.

Proof. Given that ψ and ϕ are simultaneous conjugate, for all xl ∈ B(X), xlρ

must be a solution to equation (35). By Lemma 53, for all xj,i ∈ B(X) such a set of
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solutions {xρ|x ∈ B(X)} can be completed to a basis Ỹ (an expansion of Y) such
that

xj,iρ = yj,i,

where yj,i in Ỹ is an initial or terminal element in a semi-infinite orbit under the
action of a least one ϕi, with respect to the subalgebra Ỹ〈A〉.

We need to show that such a basis is constructible and if Ỹ0 can not be con-
structed, ψ and ϕ are not simultaneously conjugate.

Suppose we choose Ỹ to be the basis Ỹ0, defined in Definition 54. That is, we
define the elements xlρ for all xl ∈ B(X) to be the "smallest" element in each Yxl ,
call it y′l . The elements y′l are solutions to equations (35) and imply that

xlψiρ = xlρϕ,

for all i.
Let xl ∈ B(X) and a ∈ Z. If we look at

xlψ
a
i ρ = xlρϕa

i ,

then as xl is of type (B), it will be a characteristic element for ψ
ni1
i1

, ..., ψ
nim
im (nip ∈

Z) with multiplier Γip ∈ 〈A〉 and yl ∈ Ỹ0 will be a characteristic element for

ϕ
ni1
i1

, ..., ϕ
nim
im (nip ∈ Z) with multiplier Γip . Therefore, for each xl ∈ B(X) the

equation

xlψ
a
i ρ = xlρϕa

i ,

becomes,

xlΓ
tip
ip

ψāi ρ = xlρϕa
i = yl ϕ

a
i = ylΓ

tip
ip

ϕ
āi
i (tip ∈N),

where āi = a− tip nip with 0 ≤ āi ≤ nip − 1. Since ψi, ϕi and ρ are automorphisms,

xlΓ
tip
ip

ψ
āi
i ρ = xlψ

āi
i ρΓ

tip
ip

and ylΓ
tip
ip

ϕ
āi
i = yl ϕ

āi
i Γ

tip
ip

.

Therefore,

xlψ
āi
i ρ = yl ϕ

āi
i ,

and there are only finitely many elements xlψ
āi
i and yl ϕ

āi
i , as 0 ≤ āi ≤ nip − 1.

Furthermore, each xlψ
āi
i ∈ B(X) (otherwise, since xl is of type (B), we would have

xlψ
āi
i = xlψ

bi
i ∆i). We have already assigned the images of all xl ∈ B(X), such that

xlρ is a solution to equation (35). Hence,

xlψ
a
i ρ = xlρϕa

i for all a ∈ Z.

If, after the assignment of each xl ∈ B(X) to the "smallest" element in Yxl , ρ fails
to be a conjugator, then there must exist a type (C) x′j,i element in X, for all ψi,
such that

x′j,iψiρ 6= x′j,iρϕi for some i.
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By definition of type (C) elements (see Lemma 22), there exists an element xj,i of
type (B), Γj,i and k j,i ∈ Z such that,

x′j,iψ
kj,i
i = xj,iΓj,i,

for all i, j. However, these type (B) elements xj,i satisfy equations of the form (since
xi,jρ = y′j,i ∈ Yxj,i ),

xj,iψiρ = xj,iρϕi.

Thus, for the equations,

x′j,iψiρ = xj,iΓj,iψ
−kj,i
i ψiρ = xj,iψ

−kj,i
i ψiρΓj,i,

x′j,iρϕi = xj,iΓj,iψ
−kj,i
i ρϕi = xj,iψ

−kj,i
i ρϕiΓj,i,

we have that,

xj,iψ
−kj,i
i ψiρ = xj,iρϕ

−kj,i
i ϕi = y′j,i ϕ

−kj,i+1
i

and

xj,iψ
−kj,i
i ρϕi = xj,iρϕ

−kj,i
i ϕi = y′j,i ϕ

−kj,i+1
i

for y′j,i an initial or terminal element in Ỹ0 in a semi-infinite orbit for ϕi. A contra-
diction, since x′j,iψiρ 6= x′j,iρϕi.

Hence, once we define the basis Ỹ0, ρ must be a simultaneous conjugator and
we can map each chosen type (B) element xj,i in each equivalence class Xj,i for
each ψi,

xj,iρ = yj,i

for yj,i an initial or terminal element in Ỹ0 in a semi-infinite orbit for some ϕi.
Furthermore, it is clear that the basis Ỹ0 from Definition 54 is computable. (The

remaining elements of Ỹ0 which are type (C) for all ϕi can filled in by applying
the conjugacy problem solution to each (ψi, ϕi) pair, now that we have an initial
map for the type (B) elements B(X).)

We can now follow the same process as for the single conjugacy problem with
our newly constructed basis Ỹ0.

Form now on we assume that the k-tuples ψ = (ψ1, ..., ψk) and ϕ = (ϕ1, ..., ϕk)
of regular infinite elements of G2,1 are pairwise conjugate (i.e. ψi is conjugate to
ϕi for all i) and ψ = (ψ1, ..., ψk) is in tuple-quasi-normal form with respect to X.
We assume that Y is defined as the basis from Proposition 55 giving all elements
in the k-tuple ϕ = (ϕ1, ..., ϕk) in semi-normal form.

Lemma 56. Suppose ψ and ϕ are simultaneously conjugate and assume that ρ is as in
Proposition 55.
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Then there exists a finite set Y ′k of elements y′ of Y for each (ψi, ϕi) pair such that for
all other type (B) elements x′ in each equivalence class X under ψi, x′ρ = y′ϕl

i for l ∈ Z.
Furthermore, one can determine l uniquely and hence there are only a finite number of
possibilities for the image of each x′ under ρ for each (ψi, ϕi) pair and subsequently for
the tuples ψ and ϕ.

Proof. We look at each (ψi, ϕi) pair separately and apply Lemma 42 to the bases
X and Y with ρ mapping an element of type (B) for each equivalence class X for
each (ψi, ϕi) pair. This, then, creates a finite set of elements y′ of Y for each (ψi, ϕi)
pair such that for all other type (B) elements x′ in each equivalence class X under
ψi, x′ρ = y′ϕl

i for some uniquely determined l ∈ Z.
One then checks that such a conjugator is consistent for all other (ψj, ϕj) pairs,

i 6= j.

Proposition 57. Let ψ = (ψ1, ..., ψk) and ϕ = (ϕ1, ..., ϕk) be two k-tuples of regular in-
finite elements of G2,1 in tuple-quasi-normal form with respect to X and Y (see Definition
45) respectively.

Assume that for each i, ψi is conjugate to ϕi. If the k-tuple ψ is simultaneously
conjugate to the k-tuple ϕ then there exists a finite set R(ψ;ϕ) of maps such that there
exists a conjugator ρ (which can be seen as an isomorphism from X〈A〉〈λ〉 to Y〈A〉〈λ〉)
for which the restriction ρ|X = ρ0 is one of the maps in the finite set R(ψ;ϕ).

Proof. We can clearly test for a given ρ0 if it uniquely extends to an isomorphism
between the algebras X〈A〉〈λ〉, Y〈A〉〈λ〉 such that ρ−1ψiρ = ϕi for all i.

Since we have assumed that the set of characteristic multipliers for ψi and ϕi
coincide, by Proposition 55 there exists a conjugator ρ such that for each equiva-
lence class X defined on X under the action of ψi (see Definition 36), there exists
an element xi ∈ X such that xiρ is an element yi of type (B) in Y for ϕi.

We define ρ0 to be the map which maps the selected x ∈ X to the selected
y ∈ Y. There are only finitely many initial choices of x ∈ X under each ψi and
finitely many choices for the image xρ in Y (as the number of elements of type
(B) in X and Y is finite for each pair (ψi, ϕi)).

Next, we wish to show that if x′ is another element of type (B) in X for each
pair (ψi, ϕi) then there are only finitely many possibilities for x′ρ0.

This is accomplished by Proposition 56. Which states that there exists a finite
set Y ′k of elements y′ of Y for each (ψi, ϕi) pair such that for all other type (B)
elements x′ in each equivalence class X under ψi, x′ρ = y′ϕl

i for some unique
l ∈ Z.

Hence, we define ρ0 to be the map which maps the selected x′ ∈ X for each
ψi to the selected x′ρ. There are only finitely many choices of type (B) elements x′

in X for each ψi and only finitely many choices for the image x′ρ in Y〈A〉〈λ〉 for
each ψi as the number of characteristic elements in X and Y is finite for each pair
(ψi, ϕi). Thus, there are only finitely many maps ρ0 which can be defined with
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the above properties.
Note that in using the transitivity of ≡ to show that x ≡ x′ where both x and

x′ are of type (B), we need not go through an element of type (C). For if z is of
type (C), then by Lemma 22 there is a z1Γz1 in the orbit of z for some z1 of type
(B), and any orbit containing some z∆z contains also z1Γz1 ∆z. Finally, if z ≡ x
and z is of type (C) then z = z1Γz1 ψk

i for some z1 of type (B), Γz1 and k, with zρ

determined once (z1ρ)Γz1 ψk
i is chosen. We can do this for each (ψi, ϕi) pair and

check the consistency of ρ by looking at all other pairs (ψj, ϕj), i 6= j.
By the above process, we have constructed a finite set R(ψ;ϕ) of maps ρ0

between X and Y〈A〉〈λ〉.

We now have the following consequence to the above proposition.

Theorem 58. The simultaneous conjugacy problem for regular infinite elements of G2,1
is solvable.

5.3. Power conjugacy problem

The power conjugacy problem naturally arises when you have any group B and
G an HNN group extension given by

G = 〈a, B|rel B, a−1Wa = V〉,

where W and V are words in the generators of B defining elements of the same
order. It follows from [16, Lemma 5] that if x and y are elements in B that are
conjugate in G but not in B then x and y are conjugate in B to powers of W or V
and hence in G to powers of W.

This motivates the study of the power conjugate problem for a group.

Problem 59. [1] Does there exists a, b ∈ Z, z ∈ G such that xa = z−1ybz 6= 1 for
x, y ∈ G?

It is clear that we should concentrate on the case |a| 6= |b|. See [1,13,17] for
references to this problem.

The aim of this subsection is to answer this question for the Higman-
Thompson group G2,1.

We will now prove that the Higman-Thompson group has solvable power
conjugacy problem (Theorem 60). We can break this problem down into two cases
by Theorem 28: when ψ, ϕ are torsion elements and when ψ, ϕ are regular infinite
elements.

5.3.1. Torsion elements

Let X, Y be bases such that torsion elements ψ, ϕ are in quasi-normal form with
respect to them.
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As ψ and ϕ are of finite order, there are only a finite number of choices for the
pair (a, b) ∈ Z2 such that |a| 6= |b|. We can therefore take all pairs and apply the
conjugacy problem criterion for torsion elements, that we use Proposition 34.

5.3.2. Regular infinite elements

Let X, Y be bases such that the regular infinite elements ψ, ϕ are in quasi-normal
form with respect to them. If we want to find integers a, b with |a| 6= |b| such that
ψa is conjugate to ϕb, we need to examine all elements of X (resp. Y) of type (B).

Each element x ∈ X of type (B) is a proper characteristic element of a proper
power mx of ψ with some multiplier Γx i.e. xψmx = xΓx. Similarly, for the elements
y ∈ Y of type (B) are proper characteristic element of a proper power my of ψ

with some multiplier Γx i.e. yϕmy = x∆y. Both mx and my are taken to be the
smallest possible integer.

A condition for conjugacy is that the set of characteristic multipliers and pow-
ers Mψ and Mϕ coincide, by Proposition 37. Therefore, as xψamx = x(Γx)a and
yϕbmy = x(Γy)b, we need to be able to pair up (mx, Γx) and (my, ∆y) such that

aimx = bjmy and Γai
x = ∆

bj
x ,

for ai, bj ∈ Z \ {0}. There is only a finite number of possibilities for ai, bj if we
require that gcd(ai, bj) = 1, as the sets Mψ and Mϕ are finite. We can therefore
take all ai which are coprime a

′
i and all bj which are coprime b

′
j and form a = ∏i a

′
i

and b = ∏j b
′
j.

There will be a finite set of pairs of elements (a, b) satisfying the about con-
dition. We then apply the conjugacy problem solution to ψa and ϕb. Thus we get
the following.

Theorem 60. The power conjugacy problem for the Higman-Thompson group G2,1 is
solvable.

6. Centralizers of Elements in G2,1

Using Theorem 44 we can split the construction of centralizing elements in to
elements that centralize regular infinite and periodic elements of G2,1.

This section develops the correspondence between finitely generated free-
abelian subgroups of G2,1 and the centralizing elements for a regular infinite
element. The final section provides criteria for an element of G2,1 to centralize
a given torsion element.

6.1. Finitely generated free-abelian subgroups of G2,1

This section provides information that will be used in Section 6.2, connecting the
centralizer of a regular infinite element of G2,1 with the normalizer of finitely
generated free abelian subgroups of G2,1.
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Definition 61. Let H be a subgroup of G2,1. We define the centralizer of H to be

CG2,1(H) = {ϕ ∈ G2,1|∀ψ ∈ H, ψϕ = ϕψ}

and the normalizer of H to be

NG2,1(H) = {ϕ ∈ G2,1|ϕ−1Hϕ = H}.

The next theorem is [9, Theorem 9.9 part (ii)] and the proofs for the subsequent
Lemma’s follow the proof of [9, Theorem 9.9 part (ii)]. However, it is universally
accepted that this proof is difficult to read. Furthermore, more details are required
to extend this proof and the tools involved for the scope of this article. Hence, we
include a very detailed account of the proof of following part of [9, Theorem9.9].

Theorem 62. [9, Theorem 9.9 part (ii)] Let H be a finitely generated free-abelian sub-
group contained in G2,1. Then the centralizer CG2,1(H) is of finite index in the normalizer
NG2,1(H).

The rest of this section is devoted to the proof of the above theorem. From
now on we assume that H satisfies the conditions of Theorem 62.

Definition 63. [9] Let ψ ∈ H. A characteristic sequence for ψ is an infinite sequence

ũ = ..., u−2, u−1, u0, u1, u2, ... ,

of elements of V2,1, such that ui+1 = uiψ and there exist some non-trivial Γ ∈ 〈A〉 such
that

(1) for all i, ui+1 = uiΓ,
(2) or for all i, ui = ui+1Γ.

In the first case we say that ũ is a right characteristic sequence and in the second case a
left characteristic sequence for ψ.

Remark 64. Notice that if ũ is a right characteristic sequence then there exists a
smallest i for which ui ∈ x〈A〉 and then uj ∈ x〈A〉 ,for all j ≥ i. In that case ui is
a right characteristic element by Definition 23 and is in a right semi-infinite orbit
with respect to x.

Similarly, if ũ is in a left characteristic sequence then there exists a biggest
i for which ui ∈ x〈A〉 and then uj ∈ x〈A〉 for all j ≤ i. In that case ui is left
characteristic element by Definition 23 is in a left semi-infinite orbit with respect
to x.

It may also be noted that a right characteristic sequence for ψ is a left char-
acteristic sequence for ψ−1 and that a left characteristic sequence for ψ is a right
characteristic sequence for ψ−1.

We say that ũ is a characteristic sequence for H if it is a characteristic sequence
for some element ψ in H.

We will see that NG2,1(H) acts on the set of characteristic sequences for H. We
will introduce the notion of an oriented characteristic sequence and that some
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elements of NG2,1(H) preserve the orientation of the sequence and some reverse
the orientation of the sequence.

Lemma 65. [9]Let ũ be a characteristic sequence for ψ ∈ H. If φ ∈ NG2,1(H), then ũφ

is a characteristic sequence for φ−1ψφ.

Proof. [9] We can look at right characteristic sequences and the same will be true
for left. So, suppose ũ is a right characteristic sequence. Then, as uiψ = uiΓ =
ui+1, ∀i, with ui ∈ ũ, we find

(uiφ)φ−1ψφ = uiψφ = uiΓφ = ui+1φ, ∀i,

Hence, ũφ is a right characteristic sequence.

We will closely follow the proof of [9, Theorem 9.9] and study the action of
NG(H) on the characteristic sequences.

We will start by proving some lemmas, the first of which gives a finite set of
infinite sequences which we will denote by Ω. We then show that we can associate
this set Ω to a regular infinite element ψ of H and in fact to H itself. Finally, we
let elements of NG2,1(H) act on this finite set of infinite sequences and study the
outcome.

Definition 66. We say that a characteristic sequence ũ for H is

• fixed set-wise but not pointwise by the element ϕ if ũϕ = ũ but ui ϕ 6= ui for all
ui ∈ ũ.

• contained in another characteristic sequence ṽ, written ũ ⊆ ṽ, if it is contained in ṽ
as a subsequence.
• maximal if there exists no element ψ of H with a characteristic sequence ṽ 6= ũ such

that ũ ⊆ ṽ.

Lemma 67. [9] If ũ a characteristic sequence of ψ ∈ H then there is a unique maximal
characteristic sequence containing ũ as a subsequence.

For each ψ ∈ H there is only a finite set of maximal characteristic sequences each fixed
set-wise but not point-wise by some power of ψ.

Proof. [9] Suppose without loss of generality that ũ is a right characteristic se-
quence for ψ ∈ H with ui = uψi and uψ = uΓ for some non-trivial Γ ∈ 〈A〉.

Suppose there exists a right characteristic sequence w̃ for ϕ ∈ H containing ũ
as a subsequence i.e. ũ ⊆ w̃,

uϕ = u∆ and wi = uϕi for some non-trivial ∆ ∈ 〈A〉.

As ũ ⊆ w̃ then for some power m of ϕ we have

u∆m = uϕm = uψ = uΓ.
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Thus, Γ is a proper power of ∆ and so ui+1 = uiΓ = ui∆m = ui ϕ
m for all i.

Therefore, there are finitely many right characteristic sequences that contain ũ as
a subsequence.

Next suppose that there exists ṽ a characteristic sequence for θ ∈ H containing
ũ as a subsequence with uθ = uΣ, vi = uθi and ṽ 6= w̃, Σ ∈ 〈A〉. If no such ṽ and
θ ∈ H exists, then w̃ is a maximal characteristic sequence. If ṽ does exist, then
given that H is abelian,

uΣ∆ = uθϕ = uϕθ = u∆Σ.

Thus, for some word Λ ∈ 〈A〉 we have ∆ = Λa, Σ = Λb where a, b are positive
integers. Replacing Λ by a power Λe if necessary, we may assume that a and b
are relatively prime i.e. ac + bd = 1. Therefore, uϕcθd = uΛ and we define a
characteristic sequence W̃ for H by,

Wi = u(ϕcθd)i = uΛi.

Hence, W̃ contains w̃ and since Γ has only a finite number of initial segments
this process terminates in a unique maximal right characteristic sequence for H
containing ũ as a subsequence.

By Lemma 22 a maximal characteristic sequence contains a semi-infinite orbit
and by Lemma 19 there are only finitely many semi-infinite orbits in V2,1 under
the action of ϕcθd. Thus, for any element ψ of H there are only a finite number of
maximal characteristic sequences each fixed set-wise but not point-wise by some
power of ψ.

Lemma 68. [9] Let ṽ be any maximal characteristic sequence for H = 〈θ1, ..., θk〉. Then
there are intergers i and m such that θm

i fixes the maximal characteristic sequence ṽ set-
wise but not point-wise.

Proof. [9] If ṽ is a characteristic sequence for ψ ∈ H with vjψ = vjΓ = vj+1 for
some non-trivial Γ ∈ 〈A〉 and if ϕ ∈ CG2,1(H), in particular if we take ϕ ∈ H
then ṽϕ is one of a finite number of characteristic sequences fixed set-wise but
not point-wise by ψ.

Thus, H has a subgroup B of finite index, m say, fixing ṽ set-wise. In particular,
θm

i fixes ṽ set-wise for each i.
As H is finitely generated by θ1, ..., θk, since ψ = θa1

1 ...θak
k then ψm = θa1m

1 ...θakm
k .

Since, ψm = θa1m
1 ...θakm

k does not fix ṽ point-wise i.e. vjψ
m 6= vj, then one θ

aim
i must

not fix ṽ point-wise.

We can now see that each element of H has a finite set of maximal character-
istic sequences associated to it by Lemma 67. Further, we see that each maximal
characteristic sequence associated to an element in H is a characteristic sequence
for some power of a generator.

As H is finitely generated, we thus get the number of maximal characteristic
sequence that can be associated to H is finite.
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Lemma 69. [9] There are only finitely many maximal characteristic sequences for H.

Proof. Putting Lemma 67 and Lemma 68 we see that this implies there are in total
only finitely many maximal characteristic sequences for H.

We see that the maximal characteristic sequences are not just associated to the
element ψ we have constructed from H, but to H and thus the generators of H.

Definition 70. We define Ω to be the set of maximal characteristic sequences for H.

Lemma 71. [9] Let ϕ ∈ NG2,1(H). If ϕ fixes a maximal characteristic sequence ũ for H
set-wise then for all ui ∈ ũ we have ui ϕ = uηi+t where t ∈ Z and η = ±1.

Proof. [9] Let ũ be a maximal characteristic sequence for θ ∈ H and let ϕ ∈
NG2,1(H). Suppose that u0 ϕ = ut. Then

ui ϕ = u0θi ϕ = u0 ϕ(ϕ−1θϕ)i = ut(ϕ−1θϕ)i = utψ
i,

where ψ = (ϕ−1θϕ). As ϕ ∈ NG2,1(H), ψ commutes with θ.
If utψ = ur, then for all s

ur+s = urθs = utψθs = utθ
sψ = ut+sψ.

Now, suppose that

utψ = ut+η .

If utψ
−1 = uq, then

ut = utψ
−1ψ = uqψ = uq+η .

So ut = uq+η and thus q = −η + t and utψ
−1 = u−η+t. Inductively, we have for

all integers i, ui ϕ = utψ
i = uηi+t.

If |η| 6= 1 then ϕ maps ũ into a proper subset so ũ ⊃ ũϕ. However, ũ is a
maximal characteristic sequence and so by applying ϕ−1 to both sides, we get
ũϕ−1 ⊃ ũ, which is a characteristic sequence for ϕθϕ−1 ∈ H. This contradicts the
maximal nature of ũ. Thus |η| = 1.

The action of NG2,1(H) on the maximal characteristic sequences for H allows
us to consider a new set of oriented maximal characteristic sequences Ω

′
.

That is, there are elements of NG2,1(H) that act by conjugation which preserve
the orientation of the maximal characteristic sequences by mapping ṽ 7→ ũ for
ũ, ṽ ∈ Ω and maps that reverse the orientation of a maximal characteristic se-
quence ṽ 7→ ũR for ũ, ṽ ∈ Ω, that is ũ but with the direction reversed.

Definition 72. We define Ω
′

to be the set of oriented maximal characteristic sequences
for H, that is

Ω
′
= {ũ, ũR|ũ ∈ Ω}.
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Lemma 73. [9] Let H be a finitely generated free-abelian subgroup of G2,1, then there
exists subgroups M and L of NG2,1(H) such that,

(1) M is a normal subgroup of finite index in NG2,1(H);
(2) and L is a normal subgroup of M where L∩ H = {IdG2,1} and M/L is a free abelian

group of finite rank.

Proof. [9] (1) Firstly, we define the set Ω′ of all maximal characteristic sequences
and their reverses i.e. all oriented maximal characteristic sequences.

For ϕ ∈ NG2,1(H) and a maximal characteristic sequence ũ = (ui) we have

ϕ : (ui)→ (ui ϕ).

Let M be the kernel of the action of NG2,1(H) on the finite set Ω′. Thus, M is a
normal subgroup of finite index in NG2,1(H).

(2) Secondly, an element φ in M acts on the finite set of oriented maximal
characteristic sequences Ω

′
as

v(i)
j 7→ v(i)

j+ti
.

If we let the oriented maximal characteristic sequences be ṽ(1), ..., ṽ(m) and the ti’s
corresponding to an element φ of M be t1, ..., tm, then the map

Ψ : M→ Zm,

where φ 7→ (t1, ..., tm) is a surjective homomorphism of M into the free abelian
group of finite rank. The kernel of Ψ, L, is the set of elements of M that fix each
oriented maximal characteristic sequence point-wise. L is a normal subgroup of
M.

Let ϑ be a non-trivial element of H in semi-normal form with respect to X.
Since ϑ has infinite order, by Theorem 24 some proper power of ϑ has a proper
characteristic multiplier Γ say. Let v0 ∈ X be a characteristic element for ϑn, so

v0ϑn = v0Γ = v1 and v0ϑni = vi.

Then

viϑ
n = v0ϑniϑn = v0ϑnϑni = v0Γϑni = v0ϑniΓ = viΓ 6= vi.

Therefore ϑn 6∈ L and thus ϑ 6∈ L, H ∩ L = {IdG2,1}.
We thus have the (sub-)normal series,

N B M B L B 1,

with N/M finite, M/L free abelian of finite rank and L ∩ H = 1.

From Lemma 73 we now have a description of the elements of NG2,1(H) in
terms of the subgroups M and L.
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In fact we have two sequences, given by the proof of Lemma 73. The first
sequence

1→ M→ NG2,1(H)→ Sym(Ω′)→ 1,

given by the action of elements of NG2,1(H) on the orientated maximal charac-
teristic sequences for H, where Sym(Ω′) is a permutation group of the orien-
tated maximal characteristic sequences for H. We can define this by the map
γ : NG2,1(H) → Sym(Ω′), where γ(ϕ) = {ũ(1), ..., ũ(m)}ϕ = {ũ(1)ϕ, ..., ũ(m)ϕ} for
ϕ ∈ NG2,1(H) and {ũ(1), ..., ũ(m)} = Ω′.

Secondly,

1→ L→ M→ Zm → 1,

given by the map Ψ in Lemma 73, where L is a normal subgroup of M. We are
now ready to prove the Theorem 62.

Proof of Theorem 62:[9] By Lemma 73, since H ∩ L = 1, then using the third
isomorphism theorem,

(H ∩M)L/L ∼= (H ∩M)/(H ∩M ∩ L) ∼= H ∩M.

As

(H ∩M)L/L ⊆ M/L,

is free abelian, then H ∩M is free abelian. Since

H/H ∩M ∼= HM/M ⊆ NG2,1(H)/M,

is finite, then H ∩ M is of finite index in H. There is an n such that H ∩ M ≥
Hn = {hn|h ∈ H} and Hn is torsion-free, as it is finitely generated and free-
abelian, so we must have H ∼= Hn. We have that Hn ≤ H ∩M ≤ M. Now, since H
is abelian and contains the commutator [H, M] (as M ⊆ NG2,1(H)), we can show
that [H, M]n = [Hn, M]. In fact we can show that ∀h ∈ H and m ∈ M

[h, m]n = [hn, m].

Let h, h′ ∈ H and m ∈ M then

[hh′, m] = [h, m]h
′
[h′, m],

by a standard commutator identity, see [14]. Now, as

[h, m]h
′
[h′, m] = [h, m][h′, m].

Since

[hk, m] = [hk−1h, m] = [hk−1, m][h, m],

we get for k = n,

[hn, m] = [h, m]n.
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We can now us this to show that actually ∀m ∈ M, m centralizes H.

[H, M]n = [Hn, M] ≤ [H ∩M, M] ≤ [H, M] ∩ [M, M]

≤ [NG2,1(H), H] ∩ [M, M] ≤ H ∩ L = {IdG2,1},

and since [H, M] is torsion-free, [H, M] = 1. Thus M ≤ CG2,1(H), whence CG2,1(H)
has finite index in NG2,1 . �

6.2. Centralizing regular infinite elements

We will, in general, refer to the regular infinite part of an element of G2,1 as a
regular infinite element. This is an abuse of Definition 29. However, as the regular
infinite part of an element ψ acts on the subalgebra VRI,ψ as an automorphism of
the subalgebra we are not being too precise. This inevitably saves cumbersome
notation and language in the proceeding subsections.

We will now introduce a partition of the subalgebra Y〈A〉 induced by a regular
infinite element ψ. This in turn gives way to a decomposition of ψ in which the
disjoint semi-infinite orbits of ψ have elements of the orbit in disjoint sets of the
subalgebra Y〈A〉.

Definition 74. Let ψ be a regular infinite element and in quasi-normal form with respect
to the basis Y. We can decompose Y (and thus Y〈A〉) as,

Y =
k

ä
i=1

Yi.

where Yi is defined by the intersection of Y with one of the equivalence classes defined in
Definition 36. Then ψ = ψ1...ψk where ψi is defined on Y by

yψi =
{

yψ if y ∈ Yi,
y if y ∈ Yj for i 6= j,

and we call Yi the support of ψi. Then ψiψj = ψjψi.

Remark 75. This is similar to the decomposition in [3] given by the disjoint flow
graph components of a given infinite order element of G2,1.

Remark 76. Let ψ, ϕ be regular infinite elements of G2,1 with respect to the bases
X, Y. By Proposition 43, we can construct a finite set of maps R(ψ; ϕ) of X into
Y〈A〉〈λ〉 such that if ψ is conjugate to ϕ, then a map ρ0 ∈ R(ψ; ϕ) extend to an
isomorphism

ρ : X〈A〉〈λ〉 → Y〈A〉〈λ〉.

We constructed such maps by looking at a least equivalence relation on the basis
X, see Definition 36. The equivalence classes constructed are preserved by the
decomposition of the basis as defined in Definition 74. The maps from R(ψ; ϕ)
map one equivalence class of X〈A〉 to one of Y〈A〉 with the same characteristic
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multipliers (see Proposition 37). If we are looking at centralizing elements g (i.e.
ψ = ϕ and X = Y) then

g−1ψg = g−1ψ1g....g−1ψkg,

where each g−1ψig is centralized by g or conjugated to a ψj (i.e. g permutes the
decomposition) by the above argument.

Lemma 77. Let ψ be a regular infinite element of G2,1 then ψ = ψ1...ψk where the ψi’s
are regular infinite elements and H = 〈ψ1, ..., ψk〉 is a finitely generated free abelian
subgroup of G2,1.

Proof. By Definition 74 ψ can be decomposed as ψ1...ψk, where ψiψj = ψjψi and
ψi are regular infinite for all i, j. Therefore, H is a finitely generated free abelian
subgroup of G2,1.

Theorem 78. Let ψ be a regular infinite element of G2,1 then there exists H =
〈ψ1, ..., ψk〉 a finitely generated torsion-free abelian subgroup of G2,1 such that

CG2,1(H) ⊆ CG2,1(ψ) ⊆ NG2,1(H).

Therefore, CG2,1(ψ) has finite index in NG2,1(H).

Proof. By Lemma 77 for any regular infinite element ψ we can construct a finitely
generated torsion-free abelian subgroup of G2,1, H and from Theorem 62 we know
that CG2,1(H) has finite index in NG2,1(H).

Obviously, CG2,1(H) ⊆ CG2,1(ψ). Given any g ∈ CG2,1(ψ) by Remark 76 we see
that

g−1ψg = g−1ψ1g....g−1ψkg,

where each g−1ψig is centralized by g or conjugated by g to a ψj. Thus, g ∈
NG2,1(H) and hence CG2,1(H) ⊆ CG2,1(ψ) ⊆ NG2,1(H).

Therefore, CG2,1(ψ) has finite index in NG2,1(H).

Remark 79. As we have chosen a very special H, we can say that L will just
consist of the identity element in G2,1. As the only element that fixes characteristic
sequences for regular infinite elements in this case is the identity.

Hence, as the proof of Theorem 62 describes elements in CG2,1(H) and
NG2,1(H) then we understand the elements in CG2,1(ψ) for ψ a regular infinite
element. We can therefore form the following corollary.

Corollary 80. Let ψ be a regular infinite element of G2,1 in quasi-normal form with
respect to Y. If ψ has Ω′ as its set of oriented maximal characteristic sequences, then

1→ Zk → CG2,1(ψ)→ S→ 1,

where S ⊆ Sym(Ω′) and k is given by Definition 36.
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Proof. Let ψ = ψ1...ψk be in quasi-normal form with respect to Y (partitioned
according to Definition 36) and Ω

′
the set of oriented maximal characteristic se-

quences for H = 〈ψ1, ..., ψk〉. If |Ω′ | = m, we can replace Zm by Zk because the
oriented characteristic sequences will intersect the k equivalence classes, by Defi-
nition 36.

As any element that centralizes ψ will permute the decomposition ψ1...ψk (see
Remark 76), we thus see that the map Ψ : M→ Zm (Lemma 73) is actually a map
to Zk.

More specifically, the partition of Y induced by the equivalence relation from
Definition 36 also partitions up the set of oriented maximal characteristic se-
quences for H. That is, we can group the t′is corresponding to which oriented
maximal characteristic sequences for H intersect each of the equivalence classes
of elements of Y.

6.3. Centralizing periodic elements

We will, in general, refer to the periodic part of an element of G2,1 as a periodic
element. This is an abuse of the Definition 30. However, as the periodic part of
an element ψ acts on the subalgebra VP,ψ as an automorphism of the subalgebra
we are not being too precise. This inevitably saves cumbersome notation and
language in the proceeding subsections.

We can consider each periodic element ψ as being defined by a basis Y (for
which ψ is in quasi-normal form) and a permutation σ of that basis, that is an
element in Sym(Y) with |Y| = m. All orbits of the subalgebra Y〈A〉 will be an
orbit of the same cycle type as that in σ.

This can be seen in Graham Higman’s work. Looking at Lemma 22 the basis
giving a finite order element of G2,1 in quasi-normal form completely determines
the finite orbits. Therefore, for each periodic element ψ of G2,1 it is sufficient to
look at a basis Y for which ψ is in quasi-normal form and a permutation of that
basis corresponding to the orbit structure of ψ for elements of Y.

We note that if Y is a basis giving a periodic element ψ in quasi-normal form,
then any uniform m-fold expansion on Y (|Y| = m) gives ψ in semi-normal form
with respect to the new basis.

Lemma 81. Let ψ be a torsion element of G2,1 of order n in quasi-normal form with
respect to the basis X = {x0, ..., xn−1} such that xiψ = xi+1 taking the indices modulo
n. Let ρ be an element of G2,1.

Then, ρ centralizes ψ if and only for some m ∈N we have bases of the form

Y = {x0Γ1, ..., x0Γm, ..., xn−1Γ1, ..., xn−1Γm}

and

Z = {x0∆1, ..., x0∆m, ..., xn−1∆1, .., xn−1∆m}
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such that for a chosen set k j ∈ {0, ..., n − 1} for j = 1, ..., m and τ ∈ Sym(m), ρ is
defined by the equation,

xiΓjρ = xi+kj
∆τ(j),

where Γj, ∆j ∈ 〈A〉 and i + k j is taken modulo n.

Proof. Firstly, let

Y = {x0Γ1, ..., x0Γm, ..., xn−1Γ1, ..., xn−1Γm}

and

Z = {x0∆1, ..., x0∆m, ..., xn−1∆1, .., xn−1∆m}

with ρ defined by the equation

xiΓjρ = xi+kj
∆τ(j),

for chosen k1, ..., km and τ ∈ Sym(m).
Thus,

xiΓjρψ = xi+kj
∆τ(j)ψ = xi+kj+1∆τ(j),

and

xiΓjψρ = xi+1Γjρ = xi+kj+1∆τ(j),

where i + k j + 1 is taken modulo n. Thus ψρ = ρψ.
Secondly, assume ρ centralizers ψ. Let ρ : Y → Z where Y, Z ⊆ X〈A〉. We will

show that we can choose Y, Z to be of the form given in this lemma.
Let ρ be in quasi-normal form with respect to Y. By Lemma 27 this basis is

unique. As ρ centralizes ψ, ρ : Yψ→ Zψ. Since xiψ
a = xi+a (indices taken modulo

n), ψ fixes Y setwise and thus Y has the form {xiΓj}, for xi ∈ X and Γj ∈ 〈A〉.
Since

Zψ = Yρψ = Yψρ = Yρ = Z,

we see that Z is fixed setwise by ψ and thus has the form {xi∆j}, for xi ∈ X and
∆j ∈ 〈A〉. We can therefore define ρ as the map,

xiΓjρ = xF(i,j)∆G(i,j)

for xiΓj ∈ Y, xF(i,j)∆G(i,j)
∈ Z, where F, G are functions that might depend on i

and j.
Now, as ρ conjugates ψ to ϕ,

xiΓjρψ = xF(i,j)∆G(i,j)ψ = xF(i,j)+1∆G(i,j),

and

xiΓjψρ = xi+1Γjρ = xF(i+1,j)∆G(i+1,j).
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As ψρ = ρψ we have F(i, j) + 1 = F(i + 1, j) and G(i + 1, j) = G(i, j). Therefore,
inductively on i we have F(i, j) = i + k j where k j is some function that depends
on j and can take the values in the set {0, ..., n− 1}. As G(i, j) = G(i + 1, j) the
function G is independent of i, i.e. there exists τ ∈ Sym(m) such that G(i, j) = τ(j).

We next show that we can conjugate our torsion element ψ given in quasi-
normal form with respect to X with r cycles of length s to an element ψg with
one single cycle of length s on a new basis X

′
and thus we need only to consider

different sized cycles in a permutation of a quasi-normal form basis for a torsion
element of G2,1.

The following lemma follows from the work of [9, Section 6].

Lemma 82. Let ψ, ϕ be torsion elements of G2,1. Suppose that ψ is in quasi-normal form
with respect to X of size rn, ϕ is in quasi-normal form with respect to Y of size n and that
each element has cycles of length n with respect to those bases. Then there exists a map ρ

from X to a proper expansion Y′ of Y that is an element of G2,1 such that ρ−1ψρ = ϕ.

Proof. Without loss of generality, let ψ be in quasi-normal form with respect to
the basis

X = {x0, ..., xn−1, ...., xrn−n, ..., xnr−1},

and defined by xin+jψ = xin+(j+1)mod n
for i = 0, ..., r− 1 and j = 0, ..., n− 1 where

(j + 1)mod n means take j + 1 mod n.
Let ϕ be in quasi-normal form with respect to the basis Y = {y0, ..., yn−1} and

defined by yk ϕ = y(k+1)mod n
for k = 0, ..., n− 1

Let Y′ be a basis of V2,1 which is a proper expansion of Y of the form {yjΓi}
for i = 0, ..., n− 1, j = 0, ..., n− 1 and Γi ∈ 〈A〉. Define a map ρ by:

xin+j 7→ yjΓi,

for j = 0, ..., n− 1, i = 0, ..., r− 1. Thus, ρ is a bijective map

ρ : X → Y′,

of bases, where |X| = |Y′| = rn and so ρ ∈ G2,1.
We now check whether the equation ψρ = ρϕ holds.

(1) We take the basis X and apply ψ then ρ. Thus, we have

xin+jψρ = xin+(j+1)mod n
ρ = y(j+1)mod n

Γi,

for j = 0, ..., n− 1 and i = 0, ..., r− 1.
(2) We take the basis X and apply ρ then ϕ. Thus, we have

xin+jρϕ = yjΓi ϕ = yj ϕΓi = y(j+1)mod n
Γi,

for j = 0, ..., n− 1 and i = 0, ..., r− 1.
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Hence, ρ conjugates ψ to ϕ.

We therefore get the following consequence of Lemma 82.

Corollary 83. Let ψ, ϕ be torsion elements of G2,1 as described in Lemma 82. Then
CG2,1(ψ) ∼= CG2,1(ϕ).

Proof. From the proof of Lemma 82 ψ and ϕ are conjugate by an element of G2,1,
ρ. Therefore, there exists a map f : CG2,1(ψ) → CG2,1(ϕ) defined by f (g) = gρ for
all g ∈ CG2,1(ψ). This is an isomorphism and so CG2,1(ψ) ∼= CG2,1(ϕ).

From the solution to the conjugacy problem in Gn,r for n ≥ 2 and r ∈ N we
can not mix cycles of different lengths (see Proposition 34). We therefore get the
following lemma.

Lemma 84. Suppose ψ is a torsion element of G2,1 in quasi-normal form with respect
to the basis X with ri cycles of length si for i = 1, ..., k on the basis X and ϕ a torsion
element of G2,1 in quasi-normal form with respect to Y with one cycle of length si for
i = 1, ..., k on the basis Y. Then, there exists an element ρ of G2,1 such that ρ−1ψρ = ϕ.
Furthermore, CG2,1(ψ) ∼= CG2,1(ϕ).

Proof. Firstly, by the solution to the conjugacy problem we can not mix different
cycles of different lengths. Therefore, we can apply a variation of Lemma 82 to
each portion of the basis X where ri-cycles of length si are defined for each i.
Hence we define a map ρ between the basis X and a proper expansion Y′ of
the basis Y such that ρ−1ψρ = ϕ. Consequently, by a variation of Corollary 83,
CG2,1(ψ) ∼= CG2,1(ϕ).

We thus only need to consider torsion elements of G2,1 with one cycle of each
cycle type present in a basis for that given element. Therefore, a generalization of
Lemma 81 follows from the solution to the conjugacy problem, i.e. n-cycles and
m-cycles are not conjugate for n 6= m. Hence, centralizing elements centralize each
n-cycle and m-cycle separately.

Theorem 85. Let ψ be a torsion element of G2,1 in quasi-normal form with respect to the
basis X with ψ having one cycle of length si on the basis X for i = 1, ..., n.

Then, ρ centralizes ψ if and only if for some msi ∈N we have bases of the form

Y = {x(1)
0 Γ1s1

, ..., x(1)
0 Γms1

, ..., x(1)
s1−1Γ1s1

, ..., x(1)
s1−1Γms1

,

x(2)
0 Γ1s2

, ..., x(2)
0 Γms2

, ..., x(2)
s2−1Γ1s2

, ..., x(2)
s2−1Γms2

, ...,

x(n)
0 Γ1sn

, ..., x(n)
0 Γmsn , ..., x(n)

sn−1Γ1sn
, ..., x(n)

sn−1Γmsn }

and

Z = {x(1)
0 ∆1s1

, ..., x(1)
0 ∆ms1

, ..., x(1)
s1−1∆1s1

, ..., x(1)
s1−1∆ms1

, ...,
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x(2)
0 ∆1s2

, ..., x(2)
0 ∆ms2

, ..., x(2)
s2−1∆1s2

, ..., x(2)
s2−1∆ms2

, ...,

x(n)
0 ∆1sn

, ..., x(n)
0 ∆msn , ..., x(n)

sn−1∆1sn
, ..., x(n)

sn−1∆msn }

such that for a chosen set k(i)
l ∈ {0, ..., si − 1} for l = 1si , ..., msi and τ(i) ∈

Sym(msi ), ρ is defined by the equation

x(i)
j Γ(i)

l ρ = x(i)

j+k(i)
l

∆(i)
τ(i)(l)

,

where Γ(i)
l , ∆(i)

l ∈ 〈A〉 and j + k(i)
l is taken modulo si for i = 1, ..., n and j = 0, ..., si − 1.

Proof. From the solution to the conjugacy problem for G2,1 we see that central-
izing each si-cycle is disjoint form centralizing each sj-cycle for i 6= j. We can
therefore apply Lemma 81 to each si-cycle for i = 1, ..., n. The result then follows.

This completely describes centralizing elements for torsion elements of G2,1.
We can now go further if we consider a splitting of a periodic element ψ of G2,1.

Definition 86. Let ψ be a torsion element of G2,1 in quasi-normal form with respect to
the basis Y with ψ having one cycle of length si on the basis Y for i = 1, ..., n. We can
decompose Y (and thus Y〈A〉) as,

Y =
n

ä
i=1

Yi.

where Yi is defined by the cycle of length si. Then ψ = ψ1...ψn where ψi is defined on Y
by

yψi =
{

yψ if y ∈ Yi,
y if y ∈ Yj for i 6= j,

and we call Yi the support of ψi. Then ψiψj = ψjψi.

We can thus form the subgroup for ψ with respect to the decomposition given
in Definition 86, H = 〈ψ1, ..., ψn〉. Obviously, H ∼= Cs1 × ....× Csn , where Csi is the
cyclic group of order si and H ⊆ CG2,1(ψ).

Firstly, we define a map Ψi : CG2,1(ψi)|Yi → G2,1 in the following way. For
ϕi ∈ CG2,1(ψi)|Yi

ϕi 7→ Ψi(ϕi),

where Ψi(ϕi) is defined by the bases Y = {xΓ1si
, ..., xΓmsi

}, Z = {x∆1si
, ..., x∆msi

}
and the map

xΓjsi
Ψi(ϕi) = x∆τ(jsi )

,

where τ ∈ Sym(msi ). This is obviously an element of G2,1 as we have formed a bi-
jective map between two bases. Secondly, the map is a surjective homomorphism
of CG2,1(ψi)|Yi → G2,1.
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We can see that Ψi is a homomorphism by looking at a torsion element with a
single cycle of length n on some basis.

Lemma 87. The map Ψi is a homomorphism.

Proof. Let ψ be a periodic element of G2,1 with a single cycle of length n on the
basis X = {x0, ..., xn−1}. Let ϕ1, ϕ2 ∈ CG2,1(ψ).

Let ϕ1 be defined by m1 ∈N with bases of the form

Y1 = {x0Γ1, ..., x0Γm, ..., xn−1Γ1, ..., xn−1Γm}

and

Z1 = {x0∆1, ..., x0∆m, ..., xn−1∆1, .., xn−1∆m}

for a chosen set k(1)
j ∈ {0, ..., n − 1} for j = 1, ..., m1 and τ1 ∈ Sym(m1) with

equation,

xiΓj ϕ1 = x
i+k(1)

j
∆τ(j),

where Γj, ∆j ∈ 〈A〉 and i + k(1)
j is taken modulo n.

Let ϕ2 be defined by m2 ∈N with bases of the form

Y2 = {x0Σ1, ..., x0Σm2 , ..., xn−1Σ1, ..., xn−1Σm2}

and

Z2 = {x0Ξ1, ..., x0Ξm2 , ..., xn−1Ξ1, .., xn−1Ξm2}

for a chosen set k(2)
l ∈ {0, ..., n − 1} for l = 1, ..., m2 and τ2 ∈ Sym(m2) with

equation,

xiΓl ϕ2 = x
i+k(2)

l
∆τ(l),

where Σl , Ξl ∈ 〈A〉 and i + k(2)
l is taken modulo n.

We look at the maps xiΓj ϕ1 = x
i+k(1)

j
∆τ(j) for j = 1, .., m1 and xiΓl ϕ2 =

x
i+k(2)

j
∆τ(l) for l = 1, .., m2. Under Ψ we get maps xΓjΨ(ϕ1) = x∆τ1(j) and

xΣlΨ(ϕ2) = x∆τ2(l) (where x is the element in the set x). Thus,

xiΓj ϕ1 ϕ2 = x
i+k(1)

j
∆τ(j)ϕ2.

We can then pass under the map Ψ to G2,1 by simply forgetting about the x
i+k(1)

j

so that we send x
i+k(1)

j
∆τ(j)ϕ2 7→ x∆τ1(j)Ψ(ϕ2). We also have,

xΓjΨ(ϕ1)Ψ(ϕ2) = x∆τ1(j)Ψ(ϕ2).

Hence, Ψ is a homomorphism.
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We can therefore form the map

Ψ : CG2,1(ψ)→ G2,1 × ...× G2,1,

where Ψ = Ψ1 ◦ ... ◦Ψn is a composition of the maps defined for each i. The kernel
of this map is the subgroup G (which contains the subgroup H defined above)
consisting of all elements of ρ ∈ CG2,1(ψ) with Yρ = Y. Where Y is given by,

Y = {x(1)
0 Γ1s1

, ..., x(1)
0 Γms1

, ..., x(1)
s1−1Γ1s1

, ..., x(1)
s1−1Γms1

,

x(2)
0 Γ1s2

, ..., x(2)
0 Γms2

, ..., x(2)
s2−1Γ1s2

, ..., x(2)
s2−1Γms2

, ...,

x(n)
0 Γ1sn

, ..., x(n)
0 Γmsn , ..., x(n)

sn−1Γ1sn
, ..., x(n)

sn−1Γmsn }

for a chosen set k(i)
l ∈ {0, ..., si − 1} for l = 1si , ..., msi , j = 0, ..., si − 1. Thus, ρ is

defined by the equation

xjΓlρ = x
j+k(i)

l
Γl ,

where Γl ∈ 〈A〉 and j + k(i)
l is taken modulo si for i = 1, ..., n.

We therefore form a short exact sequence,

1→ G → CG2,1(ψ)→ (G2,1)n → 1.

If we form the map Φi : G2,1 → CG2,1(ψi)|Yi for ϕi ∈ G2,1,

ϕi 7→ Φi(ϕi),

where Φi(ϕi) is defined by the basis

Y = {x(i)
0 Γ1si

, ..., x(i)
0 Γmsi

, ..., x(i)
si−1Γ1si

, ..., x(i)
si−1Γmsi

}

and the basis

Z = {x(i)
0 ∆1si

, ..., x(i)
0 ∆msi

, ..., x(i)
si−1∆1si

, .., x(i)
si−1∆msi

}

with map

x(i)
j ΓkΦi(ϕi) = x(i)

j ∆τ(k),

for each i = 1, ..., n with τ ∈ Sym(msi ), j = 0, ..., si − 1 and k = 1si , ..., msi . We can
compose the maps Φ1 ◦ ... ◦ Φn = Φ. The map Ψ(Φ((ψ1, ..., ψn))) = (ψ1, ..., ψn),
thus ΨΦ acts as the identity on (G2,1)n. Hence, we get a splitting of the short exact
sequence so that CG2,1(ψ) = G o (G2,1)n.

As each centralizing element is build up out of the centralizing maps for the
si cycles on the basis Y, we can describe the subgroup G (which contains H ∼=
Cs1 × ...× Csn ) as G = Gs1 × ...× Gsn .

Thus we have CG2,1(ψ) ∼= ∏n
i=1(Gsi o G2,1).
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Theorem 88. Let ψ be a periodic element of G2,1. If ψ is in quasi-normal form with
respect to the basis Y with ψ having one cycle of length si on the basis Y for i = 1, ..., n,
then

CG2,1(ψ) ∼=
n

∏
i=1

(Gsi o G2,1)

where the Gsi ’s are defined above.

Proof. Follows from the previous work in this section.

By definition of the kernel of the map Ψ, we can see that the Gsi ’s are infi-
nite groups of si periodic elements. We would like to know if they are finitely
generated.
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