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ABsTRACT. We view Thompson’s group F as a subgroup F, ; of the automorphism group
Gy, of the free algebra defined by Graham Higman in order to represent any finitely
generated subgroup of the group F,; by a finite set of directed abstract graphs.
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1. INTRODUCTION

The world of Thompson’s group F is vast and there are many ways to study the group.
Such as from the point of view of dynamics [3, 10], combinatorics [6] and even diagrams
[8, 2]. Many more references could be given to these approaches.

Here, we will take advantage of the work of Graham Higman in [9] which uses an
algebraic description of a lager group Gy (also known as Thompson’s group V) of which
Thompson’s group F is a subgroup. We will call this subgroup F,; (in line with [4]). In
the proceeding sections we will present some properties that the group G possess and
demonstrate an algorithm (first described in [9]) that decomposes elements of the group
Gp,1, which also can be used for elements of the subgroup F,;. This decomposition is
very different to the minimal length representatives of elements achieved in [7] i.e there
is no uniqueness (of a decomposition) or minimality (in terms of word length) in a single
decomposition for an element using the algorithm in this note.

1.1. The Higman-Thompson group G,;. We recall the definition of the free algebra
V21 defined by the set S (described below) and the operations on the set S; two unary
operations w1, &> and one binary operation A.

Definition 1.1. The set S of strings in standard form is defined as the smallest subset of
{x, a1, a2, A}* as follows (where A = {aq,a2}):

e x €S,

e xI' e SforT € (A),

e if wy,w, € S and there is no u € S with w; = uw; for i = 1,2 then wywyA € S.

We define unary operations a,a; and a binary operation A on the set S of standard
forms by:

° (xl")oci = xl"ucl-,
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e (w1, wy)A = wiwyA unless there exists u € S with w; = uwa; for i = 1,2 then
(uoy, uap)A = u,
[ ((wl,wz)x\)(xi = w;.

Remark 1.2. We write (A) to denote the free monoid generated by «1, . The singleton
set {x} will be denoted by x.

For a subset X of the algebra V; 1, we shall write X(A) for the A-subalgebra of V1 gen-
erated by elements of X under the application of the operations a; for i = 1,2, and X(A)
for the A-subalgebra generated by elements of X under the application of the operation A.
It is possible to see that V1 = x(A)(A).

Lemma 1.3. [9, Lemma 2.3 (i),(ii)] Suppose that X is a free generating set for V1 and that
Y, Y1, Y2 are distinct elements of X. Then

@)
(X\{y}) U{zlz = (y)ai, i = 1,2}

is also a free generating set. Note that (y)a; = ywa; for i = 1,2. We call this new
generating set a single expansion of X; a finite composition of d single expansions is
called a d-fold expansion of X.

)

(X\A{y1,y2}) U{(y1,y2)A}

is also a free generating set. This is called a single contraction of X; a finite composition
of single contractions is called a contraction.

Higman proved that any expansion of X freely generates V,; and that any single
contraction of X freely generates V, ;. This implies that x freely generates the algebra
V2,1-

Definition 1.4. We define a subset of x(A) to be called a basis of x(A) if it is a d-fold
expansion of x for some d € IN. We then say that this basis is a finite free basis of x(A)
of size d.

Let Gy,1 be the automorphism group of the free algebra V;1, which is freely generated
by x. Let Y, Z be finite free bases of x(A) of size d. Then any map ¢ : Y — Z induces an
automorphism of V1. We have the following lemma from [9].

Lemma 1.5. [9, Lemma 4.1] If {4y, ..., ¥} is a finite subset of Gy then there is a unique
minimal basis Y of x(A) such that Y; C x(A), for i = 1,...,k. Any other basis of x(A) with
this property is an expansion of Y.

2. GRAHAM HIGMAN’S SYMBOLS

We introduce the basic concepts given in [9, Section 4].
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2.1. Depth of an element or finite subset of elements of G,;. We know by Lemma
1.5 that for a finite subset of elements {y,.., s} of G, there exists a unique minimal
expansion Y of x such that Y¢; C x(A) fori=1,...s.

Definition 2.1. [9] If Y is a d-fold expansion of x, so that |Y| = 1+ d, we say that the set
H = {41, ..., s } has depth d.
Example 2.2. Let ¢ be defined by the bases

Y = {xaqa1, xaq0p, X002 }

and
Z = {xapnp, xapuq, X001 }
and the equation
yiv =z,
with i = 1,2,3 with the natural ordering on the elements of Y and Z. Then ¥ has depth
Y| -1=3-1=2.

2.2. Basics on Symbols. We now describe the tools developed by Higman in [9], which
were used to give finite presentability and a solution to the word problem for the groups
Gn,‘y-

Definition 2.3. [9] A symbol for { € G is an expression,

Y1 .. YN

Z1 ... ZN !
where Y = {y1,..,yn} and Z = {z1,...,zy} are expansions of x such that y;ip = z; for
i=1,..,N.

It can be shown, [9, Section 4], that every element of G, has a symbol. If N =14d
then it is said that ¢ has depth at most d. If i has depth less than d, then since any
expansion whose image under ¢ in x(A) is an expansion of a minimal one, the columns
of the symbol can be reordered so that it has the form,

e ik Y2 ... YN
Z1&1 Z18p Zp .. 2ZN/

Similarly, a symbol for a relation ...1p; = 1 is given by,

Y11 - VIN

Zs+1,1 - Zs+1,N
Yiir - YiN
Ziy11 - Zit1N)

Yii - YN
Zs+11 - Zs+1,N)

where fori =1, ...,s,

is a symbol for ¢; and hence
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is a symbol for ¢. If N = 1 +d, then the relation has depth at most d and depth less than
d if and only if (upon rearrangement of the columns) the symbol has the form,

Uiy [ZAT2%) VYip - YiIN

Uz (25Xt %) Y21« YN

Ugq Uglip Zs1 - Zs,N
Usp1X1  Usp182  Zs411 - Zs4+1,N

Symbols make the word problem in Gy; very easy. As every element of Gy; has
a symbol and we can always find a unique minimal common basis Y for a subset of
elements, we can just check directly to see if in a symbol for ¢;...ps we have y1; = z5,1
forallj=1,..,N.

Example 2.4. From Example 2.2, we had the element 1. A symbol for 1 would be,

X171 XK1 XKD
X0y XKoX1 XX1 )

If we were to put ¢ is quasi-normal form with respect to a basis Y (see [9, Section 9] for
the definition or [1, Definition 21]), the basis would be Y = {xaja1, xaq0p, X001, xap02 }.
This would give a symbol,

X161 XX1Kp XK1 XXX
XMoo XXok1 XK1 XKq1&p /)~

This symbol has depth 3, but the element ¢ has depth 2 (notice the last two columns).

Remark 2.5. Graham Higman’s symbols were generalized by Scott in [12] for use with a
larger group G, » which contains G, , and used by Rover in [11].

3. THOMPSON’s GrouP F

The standard introduction to the properties and the presentations of Thompson’s
group F is [5]. The thesis [2] is also essential reading for a more recent account of
the known results. However, here we will view Thompson’s Group F as a subgroup F
of the automorphism group G, of the free algebra V, ;. This subgroup was originally
viewed and defined in this way by Brown in [4].

The map 1 which takes a basis Y to a basis Z both of size 1, is an element of F,; if ¢
preserves the lexicographic order of the elements of the basis Z.

Definition 3.1. The lexicographic order on the elements of x(A) is given in the following
way: for xI" and xA (with T, A € (A)) we say xT' <jo xA if I' <}, A where we define
a <lex X2.
Definition 3.2. [4] Let F,; be the group of all elements ¢ of G, 1 of the form

Pp:Y —Z
such that with v1 <jex ¥2 <jex - <pex Yn and z1 <pex 22 <pox ... <lex Zn We have y;ip = z;
fori=1,..,n.
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We have generators for F represented by the famous tree pairs xo and x; (see [5] for
more information),

/A — />\ and —
{2 3 1 53 1/>\4 1/2>>\
2 3 3 4
The generators xg, x1 in F,; are given by the symbols
xad xapap  xap
Xy xapny xas )’
and
X0 XDCQDC% X1 0p xzx%
Xy xapny  xadey  xes )
An important part of the proof in [9] of finite generation of the group G,; is the
formation of the lemma given below.

Lemma 3.3. [9, Lemma 4.2] If d > 4, an element ¢ of G, of depth d can be expressed as a
product of elements of depth less than d.

We will now show that the same result holds for F, 1, the proof uses the same approach
and tools as the proof of Lemma 3.3 given by Higman in [9]. In fact, a proof for F,,
n > 2,r > 1 can be found in [12, Section 4].

Corollary 3.4. If d > 4, an element ¢ of F» 1 of depth d can be expressed as a product of elements
of depth less than d.

Proof. As depth d > 4 we have from the formula from Definition 2.1 (which also apply
to elementsin F,; C Gp1) that N =1+d > 144 = 5 and there exists a d-fold expansion
of x, for example without loss of generality, of the form

(uq, uay, vy, Vo, Ws, ..., WN ).

We note that there are finitely many possible d-fold expansions of x.

Let
y1 ]/N
Z1 ... ZN

be a symbol for . As d > 1, the elements of the basis Y = {1, ...,yn} contain a subset

{an1,bay } and the elements of the basis Z = {z1, ..., zy} contains a subset {bay, bay}. We
now have two cases:

(1) If no column of the symbol for i contains more than one of the 4 elements

any,any, by, bay. Then, without loss of generality on the position of the 4 ele-

ments in the columns, we can insert an extra row in the symbol to obtain for

example,
1%
acxy awz Y3 Y4 Ys ... YN
Ux| Uy VK| OVXy W5 ... WN
z1 2o bay bapy z5 ... zZN

This is a symbol for ¢ = ¢1¢,, where the ¢; have depth at mostd —1 fori =1,2
and are elements of F; ;.
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(2) If between axy,any, bay, bay they occupy at most 3 columns, then we can form the
symbol, again without loss of generality on the position of the 4 elements, for

example
any aez Yy .. YN-2 YN-1 YN
UKy UN ... (ISR o)
uny o UKD (ISR Ol
le1 b[)(z ZN—-1 ZN

This is a symbol for ¢ = 1113, where the ¢p; have depth at mostd —1fori =1,2
and are elements of F; ;.

Thus, we can always reduce to decompositions consisting of elements of depth at most
3. O

Remark 3.5. We will refer to the proof of Lemma 3.4 as the algorithm for decomposing
elements ¢ of F, 1 of depth d > 4 into elements 6;,6; ' of depth at most 3, were all possible
choices (cases (1), (2)) are made at each stage to give rise to all decompositions via this
method.

This algorithm terminates as each new element created by the process in the decom-
position of ¥ is of depth at most d — 1.

We first notice that such decompositions are not unique. We may have a choice for the
quadruple aay, any, bay, bay.

If there are more than one pair of elements {aaj,aas} and {bay,bay} in each basis
Y and Z, then we have a finite number of choices that will give a finite number of
decompositions into elements of depth at most 3.

We will, obviously, exclude the addition of an element of depth 0 (the identity element)
and consecutive elements ¢y, if p19, = 1. Though, obviously the algorithm given in
the proof of Corollary 3.4 (and previously the proof of Lemma 3.3 by Higman) would
exclude these possibilities.

This now gives an important corollary about the finite generation of G,; and now F; ;.

Corollary 3.6. [9, Corollary, page 27] G, 1 is generated by the elements of depth at most 3.
Again, the following corollary is a specific case of [12, Lemma 13].
Corollary 3.7. F,; is generated by the elements of depth at most 3.

Each element ¢ of F,; of depth d > 4 can be decomposed into a product of at most
37-3 elements of depth at most 3, using the algorithm given by the proof of Corollary
34.

Definition 3.8. Let { be an element of F,; of depth at most d > 4. We define M(¢) to be
the set of all decompositions of the element ¢ into elements of depth at most 3 given by
the algorithm in the proof of Corollary 3.4.

An element a; of the set M(¢) is a product of elements 6;,6;" !, whose of depths are at
most 3. It is clear that the set M () is finite.



SYMBOL DECOMPOSITIONS FOR ELEMENTS OF THOMPSON’S GROUP F 7

Let us now use the information above to decompose elements of F,; into products
of elements of depth at most 3. However, in the subgroup F,; we have a reduction in
the number possibilities for elements of depth at most 3. For one, F,; has no torsion
elements.

Lemma 3.9. There are 16 elements (including inverses and excluding the identity element) of the
group F, 1 whose depths are at most 3.

Proof. A calculation on possible elements of depth at most 3 gives rise to the elements

01, ...05 defined in Definition 3.10. O
Definition 3.10. We shall call the elements of F,; of depth at most 3,
07 : /A — />\ ’ 0 : B ’
! {23 1573 e (}5x
2 3 4 3 4
05 : /(304 — /Q , 04 /(304 — 1/2>>\ ,
1 2 1 53 1 2 3 4
0s : — <> b — <>
07 : , Bg :

Remark 3.11. We note that 0; is the only element of F,; of depth 2.

Remark 3.12. As 01,60, generate F,; we find that 63 = 9%92_ 191_ 19, = 9%, 05 = 6,01,
06 = 01020, ", 0; = 010, and 03 = 626, .

We can then use the techniques for symbol decomposition for elements with depth
d > 4, but with the restrictions to the rows that are added. We can only add new rows
that give elements of F, ;. We now demonstrate with an example.

Example 3.13. Let ¢ be an element of F,; defined by the symbol of depth 5,

5 4 3

xtx% X101 xocla%oq lea% XXX XIX%
Xoq X Xy xoa%ocz X1y  Xp )

We notice that the element ¢ has depth 5 as there are no reductions possible in the
symbol.
Let us choose a quadruple of elements from the symbol,

xa?  xajaomy  Xaqasny  Xeqay  xXaon Xl

xe]  xajan xalan  xelay xapan Xap )

We can then choose a basis for x(A) of size 6 that will given a decomposition into two
elements of F,; of depth at most 4, say

X = {xoc‘i’, xoc%zxz, XX10p, XKoX1, xoc%le, xzx%}.
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We now insert the new row into the symbol for 1,

2

xoqoc%(xl

X010

3
xano

thllxg
X0pq

2

xeo

XX XIX%

2 3
X500 X0y
XX1&2 XQXp

This gives rise to two elements ¢; and ¢,. We notice that the symbol for ¢, actually

X7 XXX
xa% xuc%zxz
5 1
xay  Xxjap
reduces to
2
(xoc411
xaq
and then to,
X1
x(x%

So, @, is actually the generator 9‘;1.

X010y  XXpNq

3 2
X0jny  XKT0

X0,

2
xaqo

2
X501
X1

2 3
xXa50 X
X100 Xp )’

3
xoc2> '

XX

We now turn our attention to the first two rows and recover the element ¢; given by

the symbol,

xad  Xaqaom
xe;  xatan

We choose a basis of size 5 to be

xlezx%ocl
XK10

XXp0q

2
xa5

xeq05 xa2>

2 2 2
X = {xaf, xaqap, X007, X001 09, X005 },

in order to create elements of F,; and a quadruple of elements from the symbol for ¢;.

We get,
2 2 3
X7 XX1&&1 XX]A50] X105 XXp
xa% X10o XIXQDC% XXy XIX%
3 2 2
xXoy o Xejan X010 XKooy Xty
This gives rise to two more elements of F, 1, @3, ps. We see that ¢3 is equal to 6,
xa% X101 xoqoc% XX
xad  xeqap  xapny xas )’
and ¢y is equal to 05,
X0 X003 xaodip X0
2 2]
Xy X&X142 XXX Xy

Thus, we can represent i by the product 0,650, .
This decomposition is obviously not unique, but there are finitely many of then with
respect to the elements of depth at most 3 and the given algorithm. We could choose a
different quadruple of elements from the symbol for ¢ and different bases X, but there
are only finitely many choices for each.
We now demonstrate a different choice of a quadruple of elements from the symbol

for v,

2
X7 XXX
xrx? XIX%(XQ

XDéllX%tXl

3

X o

xeq a3
2
xXay0n

XXX

xa3
XM1&y Xy )
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Let
X = {XD(%, X030y, X0 Koy, XX 03, XApity, X3 }.
Then, we have the following symbol for 1,

xa?  xejapmy  Xaqasny  Xaqay  Xaoay X
xe]  xadap  Xaqaony  Xaqa3  Xaony X

xe  xajan  xalan  xadan  Xaqan X

This gives rise to elements ¢ and ¢,. We take ¢4, as defined by the symbol,

3

2 2 2
XXT  XAQKoM1  XK(N5;  XKoX|  XA5
Xy xoc%zxz XX 0y  XKoNq xtx% !

and make the reduction to

3

X3 Xapdon  Xaa3  xap
xe;  xadep  xaqan xap )

We clearly see that ¢ is actually ;.
Secondly, we turn our attention to ¢, given by the symbol

4 3

X0F X@qdony  XQqA5  XAody  XA3
xaf  xadan  xader xepen xan )

We can now make an interesting choice of quadruple of elements of the symbol,

4 3

X0 Xj0ony  XQq5  XAoky  XA3
xat xedar  xadan xeqap xap )

Notice that we have an over lap of our choice of elements. Thus, we need to add two
rows following the procedure in the previous sections. Let

2 2
Xy = {xaf, xaqpq, X105, X001, Xkoip }

and
X, — 3 2
2 = {xay, xajao, X, Xy, X000}
We thus get the symbol,
xa?  xw 2 2
] 1ol X005 X0k X(5

X5 XQdply  XA5  XOody  XXpko
x(x? JCIX%IXQ XX1p XK1 XXX

xaf  xajan  xadan xajan o xap

We define ¢3 by the symbol,

2

x(x% X1y  XXplKq XOC%
X0y XXy XKooy X&ako )’

which defines the identity. We define ¢4 by the symbol,

3 2

X3 Xadpny  X0A5  Xody XXk
X0y Xy XK1y XK1 XKD !
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which reduces to the symbol,

2 2
(xocl X0y X003 xoc2>
7

XDC% XD(%DCZ XK1 XQXp

which represents 0; '. We define ¢s by the symbol

(xa% X010y XXl xzxzzx2>
7

xe;  xedan; xeqap o xe

which reduces to

2

X1 X1 XXKoKp
Xy X142 XX

which represents the element 0, 1
Therefore, we have another decomposition of ¥ as 0, 291’ 1

4. FINITELY GENERATED SUBGROUPS OF 1

Let H be a finitely generated subgroup of F, i, generated by ¢, ..., 1,. For each de-
composition a;;, € M(;) (see Definition 3.8), with j; = 1,...,|IM(¢;)|, we can form an
n-tuple
(1) (@17 s )
for each set of values ji, ..., ju, giving a representation for the generating elements of H
as products of elements of depth at most 3.

Definition 4.1. We define M(H) to be the set of all possible n-tuples of the form

(01,]'1, ceey an,]-")
with g;;, € M(¢;) and j; = 1, ..., IM(¢;)].

It is clear that the set M(H) is finite, as each set M (1) is finite. For each n-tuple given
by (1) we can form an abstract graph in the following way.

Remark 4.2. This idea is similar to the abstract graphs constructed in [13], however no
foldings will occur.

Definition 4.3. Let a = (a3, ...,4,) be an n-tuple of elements of F,; such that the a;’s are
words in elements 6, 9]-_1 of depth at most 3 fori =1, ..., n.
We define the directed abstract graph G, in the following way:
e form a bouquet of n loops oriented in the clockwise direction with central vertex

O,

e the ith loop is decorated with the word 4; in terms of elements 6;, 9]-_1 fori =
1,..,n,
e each edge labeled by 6, 9]71 in the loop 4; is oriented clockwise for 6; and anti-

clockwise for 0].’1.
This defines a directed abstract graph G, related to an n-tuple a.
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As each element a = (a3, ...,a,) of M(H) gives rise to exactly one abstract graph G,,
the set of all abstract graphs constructed from the set M(H) is finite.

This encodes the finitely generated subgroup H as a finite set of graphs. For each
graph G,, all cycles traversed on the graph form () to O gives rise to elements of the
subgroup H given as a decomposition into elements ;,6; ! of depth at most 3.

Remark 4.4. We note that F,; does not contain a non-abelian free group of rank 2, thus
can not contain a subgroup isomorphic to F, x F,.

Question 4.5. Could this method of decomposition of elements of Thompson’s group F
be used to solve the membership problem for the group?
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